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MAPPING IDEALS OF QUANTUM GROUP MULTIPLIERS
MAHMOOD ALAGHMANDAN, JASON CRANN, AND MATTHIAS NEUFANG
Abstract. We study the dual relationship between quantum group convolution maps L1(G) →
L
∞(G) and completely bounded multipliers of Ĝ. For a large class of locally compact quantum
groups G we completely isomorphically identify the mapping ideal of row Hilbert space factoriz-
able convolution maps with Mcb(L
1(Ĝ)), yielding a quantum Gilbert representation for completely
bounded multipliers. We also identify the mapping ideals of completely integral and completely
nuclear convolution maps, the latter case coinciding with ℓ1(b̂G), where bG is the quantum Bohr
compactification of G. For quantum groups whose dual has bounded degree, we show that the
completely compact convolution maps coincide with C(bG). Our techniques comprise a mixture of
operator space theory and abstract harmonic analysis, including Fubini tensor products, the non-
commutative Grothendieck inequality, quantum Eberlein compactifications, and a suitable notion
of quasi-SIN quantum group, which we introduce and exhibit examples from the bicrossed product
construction. Our main results are new even in the setting of group von Neumann algebras V N(G)
for quasi-SIN locally compact groups G.
1. Introduction
In [30] Gilbert established an important representation theorem for completely bounded multi-
pliers of the Fourier algebra of a locally compact group G, showing that a function ϕ : G→ C lies
in McbA(G) if and only if there exist a Hilbert space H and continuous maps ξ, η : G → H such
that
ϕ(st−1) = 〈η(t), ξ(s)〉, s, t ∈ G.
Moreover, ‖ϕ‖cb = inf{‖ξ‖∞‖η‖∞} (see [37] for a short proof using the representation theorem for
completely bounded maps). From the perspective of convolution, Gilbert’s representation is the
(completely) isometric identification
(1) Γ2,r
L1(G)
(L1(G), L∞(G)) ∼=McbA(G),
where Γ2,r
L1(G)
(L1(G), L∞(G)) is the space of completely bounded right L1(G)-module maps L1(G)→
L∞(G) which factor through a row Hilbert space. The isomorphism (1) reveals an interesting man-
ifestation of quantum group duality: As CBL1(G)(L
1(G), L∞(G)) ∼= L∞(G), we can recover the
dual object McbA(G) =Mcb(L̂1(G)) inside L
∞(G) as convolution maps which factor through a row
Hilbert space. It is therefore natural to study a quantum group version of Gilbert’s representation
theorem, not to mention its usefulness in abstract harmonic analysis (e.g. [9, 13, 32, 33, 40, 51, 67]).
Throughout the paper we focus on two large classes of quantum groups, those whose dual is quasi-
SIN or has bounded degree. The latter class has recently appeared in the literature in connection
with Property (T) [23], Thoma type results [3] and unimodularity [41] for discrete quantum groups.
The former class has appeared implicitly in [10, 59, 74], but we make a point of introducing a proper
notion of a quasi-SIN quantum group, generalizing the well-studied notion from harmonic analysis.
After a preliminary section, we begin with the definition of a quasi-SIN, or QSIN quantum group
2010 Mathematics Subject Classification. Primary 47B10, 46M05, 47L20, 22D35; Secondary 22D15, t43A10, 46L89.
Key words and phrases. Mapping spaces; operator space tensor products, locally compact quantum groups; completely
bounded multipliers; quantum Bohr compactification.
1
2 MAHMOOD ALAGHMANDAN, JASON CRANN, AND MATTHIAS NEUFANG
in section 3. We establish some basic properties and present non-trivial examples arising from the
bicrossed product construction.
One our main results, established in section 4, is the complete isomorphism
(2) Γ2,r
L1(G)
(L1(G), L∞(G)) ∼=M lcb(L
1(Ĝ)),
for the aforementioned classes of quantum groups, where Γ2,r
L1(G)
(L1(G), L∞(G)) is the space of
completely bounded right L1(G)-module maps L1(G)→ L∞(G) which factor through a row Hilbert
space. Our techniques are remarkably different for each class. In the bounded degree setting, we
make use of the structure of subhomogeneous C∗-algebras together with two manifestations of a
commutation relation expressing quantum group duality; one at the level of multipliers [38, Theorem
5.1] and the other at the level of co-multiplications [39, Proposition 6.3(1)]. In the QSIN setting,
the isomorphism (2) is completely isometric, and the proof relies on a particular L1(G)-bimodule
left inverse of the co-multiplication which behaves well with respect to the weak* Haagerup tensor
product. In either case, the complete isomorphism (2) is weak*-weak* homeomorphic, allowing us
to identity the module Haagerup tensor product L1(G) ⊗hL1(G) L
1(G) with the operator predual
Qlcb(L
1(Ĝ)) = (M lcb(L
1(Ĝ)))∗. As further corollaries, we (a) deduce a spectral synthesis result
for the bivariate Fourier algebra Ah(G) = A(G) ⊗
h A(G) (see [1]) of a QSIN group G, which, in
particular, fills a gap in [46] (see Remark 4.6), and (b) show that L1(G) is completely isomorphic to
an operator algebra if and only if G is finite. The isomorphism (2) also simultaneously generalizes,
and provides a new proof of, the classical inclusion McbA(G) ⊆ WAP(G) [76], where WAP(G) is
the space of weakly almost periodic functions on G. This partially answers a question raised in
[36, Remark 5.7]. In the QSIN setting we obtain a new proof of the inclusion M(G) ⊆ WAP(Ĝ),
established in [36, Theorem 5.6] (see [24, Theorem 2.8 and Chapter 8] for the co-commutative
setting). Since WAP(G) := {x ∈ L∞(G) | Lx ∈ CBL1(G)(L
1(G), L∞(G)) is weakly compact},
combining [17, Proposition 3.13] with [19, Corollary 1] and its cb-version [54, Theorem 2.1], we
have
WAP(G) = ΓrefL1(G)(L
1(G), L∞(G)),
where ΓrefL1(G)(L
1(G), L∞(G)) is the space of completely bounded right L1(G)-module maps L1(G)→
L∞(G) which factor through a reflexive operator space. Thus, for our two classes of quantum
groups, the difference between M lcb(L
1(Ĝ)) and WAP(G) is precisely the difference between factor-
ing through a row Hilbert space and a reflexive operator space.
We remark that a Gilbert type representation has been studied for M lcb(L
1(Ĝ)) at the level of
CBσ(L∞(Ĝ)) through the theory of Hilbert C∗-modules [20]. Our approach is in some sense dual
to [20], where we witness M lcb(L
1(Ĝ)) through its nature as a mapping ideal of convolution maps
L1(G)→ L∞(G).
Using work of Gilbert [30], Racher showed that the integral L1(G)-module maps from L1(G)
to L∞(G) are precisely the completely bounded multipliers of the Fourier algebra [56, Proposition
5.1]. Thus, a convolution map L1(G)→ L∞(G) is integral if and only if it factors through a Hilbert
space. We establish a quantum group version of this result (for the two aforementioned classes) in
section 5, showing that a convolution map L1(G)→ L∞(G) is completely integral if and only if it
factors through a row Hilbert space, that is
IL1(G)(L
1(G), L∞(G)) ∼=M lcb(L
1(Ĝ)) ∼= Γ
2,r
L1(G)
(L1(G), L∞(G)).
At the level of module tensor products, we obtain the (Banach space) isomorphism
L1(G)⊗∨L1(G) L
1(G) ∼= L1(G)⊗hL1(G) L
1(G).
Here, our techniques rely on our Gilbert representation (2), the non-commutative Grothendieck
inequality [34, 54], and the local reflexivity of von Neumman algebra preduals [25].
3Answering a question of Crombez and Govaerts [16], Racher showed that the nuclear L1(G)-
module maps from L1(G) to L∞(G) are precisely convolution with almost periodic elements of the
Fourier–Stieltjes algebra [56, Theorem], that is, NL1(G)(L
1(G), L∞(G)) ∼= B(G)∩AP (G) isomorphi-
cally. Since B(G) ∩ AP (G) = A(bG) [60, Proposition 2.1], where bG is the Bohr compactification
of G, duality suggests that the completely nuclear convolution maps ought to be related to the
quantum Bohr compactification [66]. Indeed, another major result of the paper, established in
section 6, is the (Banach space) isomorphism
(3) NL1(G)(L
1(G), L∞(G)) ∼= ℓ1(b̂G)
for the two classes of quantum groups, where NL1(G)(L
1(G), L∞(G)) are the completely nuclear
convolution maps and b̂G is the discrete dual of the quantum Bohr compactification of G. In the
QSIN case, the techniques we employ are a refinement of those used in the proof of (2), based
on ideas from [22], together with the non-commutative Grothendieck inequality and the theory of
quantum Eberlein compactifications [18]. In the case of bounded degree, we first prove a result of
independent interest, which is the completely isometric isomorphism
(4) CKL1(G)(L
1(G), L∞(G)) ∼= C(bG),
where CKL1(G)(L
1(G), L∞(G)) are the completely compact convolution maps, and then argue via
(3). The isomorphisms (3) and (4) complement the analysis of [12, 22, 57], where, contrary to the
classical setting, it was shown that, in general, complete compactness was insufficient to recover the
quantum Bohr compactification. Our results imply that for a large class of quantum groups one
can recover the (discrete dual of the) quantum Bohr compactification by considering completely
nuclear convolution maps, as opposed to completely compact ones. In connection with almost
periodic elements, our techniques entail the equality
AP(G) = {x ∈ L∞(G) | Γ(x) ∈ L∞(G)⊗h L∞(G)}
‖·‖
,
where AP(G), denoted AP(C0(G)) in [22], is the norm closure of matrix coefficients of finite-
dimensional admissible co-representations inside M(C0(G)) [22, 66].
2. Preliminaries
2.1. Mapping Ideals and Tensor Products. Throughout the paper we let ⊗̂, ⊗∨ and ⊗h
denote the operator space projective, injective, and Haagerup tensor products, respectively. The
algebraic and Hilbert space tensor products will be denoted by ⊗, the relevant product being clear
from context. The von Neumann tensor product will be denoted by ⊗. On a Hilbert space H,
we let K(H), T (H) and B(H) denote the spaces of compact, trace class, and bounded operators,
respectively. We briefly outline the mapping ideals of interest in the paper, referring the reader to
[27] for details and notation.
A mapping ideal O is an assignment to each pair of operator spaces X,Y , a linear space O(X,Y )
of completely bounded mappings ϕ : X → Y , together with an operator space matrix norm ‖·‖O
such that for each ϕ ∈Mn(O(X,Y )),
(1) ‖ϕ‖cb ≤ ‖ϕ‖O , and
(2) for any linear mappings r : V → X and s : Y →W , ‖sn ◦ ϕ ◦ r‖O ≤ ‖s‖cb‖ϕ‖O‖r‖cb.
Given operator spaces X and Y there are canonical complete contractions
X⊗̂Y
Φh−−→ X ⊗h Y
Φh,∨
−−−→ X ⊗∨ Y,
whose composition we denote by Φ∨. The completely nuclear mappings N (X,Y ) is the image of
Φ∨ : X
∗⊗̂Y → X∗ ⊗∨ Y ⊆ CB(X,Y )
4 MAHMOOD ALAGHMANDAN, JASON CRANN, AND MATTHIAS NEUFANG
with the quotient operator space structure from X∗⊗̂Y/Ker(Φ∨). For a linear mapping ϕ : X → Y
in the range of Φ∨, we let ν(ϕ) denote the corresponding quotient norm. Then ‖ϕ‖cb ≤ ν(ϕ), and
N (X,Y ) is a mapping ideal.
A liner map ϕ : X → Y is completely integral if
ι(ϕ) := sup{ν(ϕ|E) | E ⊆ X finite dimensional} <∞.
We let I(X,Y ) denote the completely integral mappings. The operator space structure on I(X,Y )
is defined by
ιn(ϕ) := sup{νn(ϕ|E) | E ⊆ X finite dimensional}, ϕ ∈Mn(I(X,Y )), n ∈ N.
If Y is locally reflexive then I(X,Y ∗) ∼= (X ⊗∨ Y )∗, completely isometrically.
A linear mapping ϕ : X → Y is completely 1-summing if
π1(ϕ) := ‖id ⊗ ϕ : T (ℓ2)⊗∨ X → T (ℓ2)⊗̂Y ‖cb <∞.
We let Π1(X,Y ) denote the space of completely 1-summing maps with the operator space structure
inherited from the inclusion Π1(X,Y ) ⊆ CB(T (ℓ2) ⊗∨ X,T (ℓ2)⊗̂Y ). There is an operator space
tensor product, which we denote ⊗∨/, such that Π1(X,Y ∗) ∼= (X ⊗∨/ Y )∗ completely isometrically
(see [26, Corollary 5.5], where ∨/ is denoted vq).
Finally, a liner mapping ϕ : X → Y factors through a row Hilbert space if there is a Hilbert space
H and completely bounded maps r : X → Hr and s : Hr → Y for which the following diagram
commutes.
Hr
X Y
sr
ϕ
We let Γ2,r(X,Y ) denote the space of such mappings. Given ϕ = [ϕij ] ∈ Mn(Γ
2,r(X,Y )), the
associated mapping ϕ : X →Mn(Y ) satisfies
Mn,1(Hr)
X Mn(Y )
sn,1r
ϕ
where s : Hr → M1,n(Y ). The norm γ
2,r(ϕ) = inf{‖r‖cb‖s‖cb} then determines an operator space
structure on Γ2,r(X,Y ). It is well-known that Γ2,r(X,Y ∗) ∼= (X ⊗h Y )∗ completely isometrically,
via
(5) 〈ϕ, x⊗ y〉 = 〈ϕ(x), y〉, x ∈ X, y ∈ Y.
A similar construction exists for column Hilbert spaces, and one has Γ2,c(X,Y ∗) ∼= (Y ⊗h X)∗.
For any operator spaces X,Y and linear ϕ : X → Y , we have
(6) ‖ϕ‖cb ≤ γ
2,r(ϕ) ≤ π1(ϕ) ≤ ι(ϕ) ≤ ν(ϕ),
which yield the set-theoretic inclusions
N (X,Y ) ⊆ I(X,Y ) ⊆ Π1(X,Y ) ⊆ Γ2,r(X,Y ) ⊆ CB(X,Y ).
Given an operator space tensor product α ∈ {∨, h}, and operator space inclusions X1 ⊆ Y1 and
X2 ⊆ Y2, we define the Fubini tensor product by
F(X1,X2;Y1⊗
α Y2) := {u ∈ Y1⊗
α Y2 | (m1⊗ id)(u) ∈ X2, m1 ∈ Y
∗
1 , (id⊗m2)(u) ∈ X1, m2 ∈ Y
∗
2 }.
Then F(X1,X2;Y1 ⊗
α Y2) is a closed subspace of Y1⊗
α Y2 containing X1⊗
αX2 by injectivity of ∨
and h. When α = h, it is known that F(X1,X2;Y1 ⊗
h Y2) = X1⊗
hX2 [65, Corollary 4.8], whereas
5when α = ∨, the equality F(X1,X2;Y1 ⊗
∨ Y2) = X1⊗
∨X2 does not hold in general, and is related
to approximation properties of the associated operator spaces [27, Theorem 11.3.1].
Another important mapping ideal was defined by Saar in his PhD thesis [63] as an analogue of
compact mappings for operator spaces. A completely bounded map ϕ ∈ CB(X,Y ) between operator
spaces X and Y is said to be completely compact if for every ε > 0, there is a finite-dimensional
subspace Z ⊆ Y such that ‖qZ ◦ ϕ‖cb < ε, where qZ : Y → Y/Z is the quotient map. We let
CK(X,Y ) denote the space of completely compact maps. Then CK(X,Y ) is a closed subspace of
CB(X,Y ) containing all finite-rank maps.
Given dual operator spaces X∗ ⊆ B(H) and Y ∗ ⊆ B(K), the weak*-Haagerup tensor product
X∗ ⊗w
∗h Y ∗ is the space of u ∈ B(H)⊗B(K) for which there exist an index set I and (xi)i∈I ⊆ X
and (yi)i∈I ⊆ Y satisfying ‖
∑
i xix
∗
i ‖, ‖
∑
i y
∗
i yi‖ < ∞ and u =
∑
i xi ⊗ yi, where each sum is
understood in the respective weak* topologies. Then
‖u‖w∗h := inf{‖
∑
i
xix
∗
i ‖, ‖
∑
i
y∗i yi‖ | u =
∑
i
xi ⊗ yi}
and the infimum is actually attained [8, Theorem 3.1]. There are corresponding matricial norms
on Mn(X
∗⊗w
∗h Y ∗) giving an operator space structure on X∗⊗w
∗h Y ∗ which is independent of the
weak* homeomorphic inclusions X∗ ⊆ B(H) and Y ∗ ⊆ B(K). Moreover, (X ⊗h Y )∗ ∼= X∗⊗w
∗h Y ∗
completely isometrically [8, Theorem 3.2]. If M ⊆ B(H) is a von Neumann algebra, then
CBσM (B(H))
∼=M ′ ⊗w
∗hM ′,
completely isometrically and weak*-weak* homeomorphically [31] (see also [8, Theorem 4.2]), where
CBσM (B(H)) is the space of normal completely bounded M -bimodule maps on B(H).
2.2. Quantum Groups. A locally compact quantum group is a quadruple G = (L∞(G),Γ, ϕ, ψ),
where L∞(G) is a Hopf-von Neumann algebra with co-multiplication Γ : L∞(G)→ L∞(G)⊗L∞(G),
and ϕ and ψ are fixed left and right Haar weights on L∞(G), respectively [43, 44]. Throughout the
paper we adopt the following standard notations from weight theory
M+ϕ := {x ∈ L
∞(G)+ : ϕ(x) <∞}, Nϕ := {x ∈ L
∞(G) : ϕ(x∗x) <∞}.
It is well-known that Nϕ is a left ideal in L
∞(G), and that Mϕ := span{x
∗y : x, y ∈ Nϕ} =
span M+ϕ is a *-subalgebra of L
∞(G) [69]. Similarly for the right Haar weight ψ.
For every locally compact quantum group G, there exists a left fundamental unitary operator
W on L2(G, ϕ) ⊗ L2(G, ϕ) and a right fundamental unitary operator V on L2(G, ψ) ⊗ L2(G, ψ)
implementing the co-multiplication Γ via
Γ(x) =W ∗(1⊗ x)W = V (x⊗ 1)V ∗, x ∈ L∞(G).
Both unitaries satisfy the pentagonal relation; that is,
(7) W12W13W23 =W23W12 and V12V13V23 = V23V12.
For simplicity we write L2(G) for L2(G, ϕ) throughout the paper. There is a strictly positive
operator δ affiliated with L∞(G), called the modular element, satisfying ψ(x) = ϕ(δ1/2xδ1/2),
x ∈ Mψ.
Let L1(G) denote the predual of L∞(G). Then the pre-adjoint of Γ induces an associative
completely contractive multiplication on L1(G), defined by
⋆ : L1(G)⊗̂L1(G) ∋ f ⊗ g 7→ f ⋆ g = Γ∗(f ⊗ g) ∈ L
1(G).
The multiplication ⋆ is a complete quotient map from L1(G)⊗̂L1(G) onto L1(G), implying
〈L1(G) ⋆ L1(G)〉 = L1(G),
where here, and in what follows 〈·〉 denotes closed linear span. Moreover, L1(G) is always self-
induced, meaning L1(G) ∼= L1(G)⊗̂L1(G)L
1(G) completely isometrically, where L1(G)⊗̂L1(G)L
1(G)
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is the module tensor product defined as the quotient of L1(G)⊗̂L1(G) by the closed subspace
〈f ⋆ g ⊗ h − f ⊗ g ⋆ h | f, g, h ∈ L1(G)〉. The proof follows from [71, Theorem 2.7] (see [14,
Proposition 3.1] for details).
The canonical L1(G)-bimodule structure on L∞(G) is given by
f ⋆ x = (id ⊗ f)Γ(x) and x ⋆ f = (f ⊗ id)Γ(x)
for x ∈ L∞(G), and f ∈ L1(G). A left invariant mean on L∞(G) is a state m ∈ L∞(G)∗ satisfying
〈m,x ⋆ f〉 = 〈f, 1〉〈m,x〉, x ∈ L∞(G), f ∈ L1(G).
Right and two-sided invariant means are defined similarly. A locally compact quantum group G is
said to be amenable if there exists a left invariant mean on L∞(G). It is known that G is amenable
if and only if there exists a right (equivalently, two-sided) invariant mean. We say that G is co-
amenable if L1(G) has a bounded left (equivalently, right or two-sided) approximate identity. We
say that G is discrete if L1(G) is unital, in which case we denote L1(G) by ℓ1(G).
For general G, the left regular representation λ : L1(G)→ B(L2(G)) is defined by
λ(f) = (f ⊗ id)(W ), f ∈ L1(G),
and is an injective, completely contractive homomorphism from L1(G) into B(L2(G)). Then
L∞(Ĝ) := {λ(f) : f ∈ L1(G)}′′ is the von Neumann algebra associated with the dual quan-
tum group Ĝ. Analogously, we have the right regular representation ρ : L1(G)→ B(L2(G)) defined
by
ρ(f) = (id ⊗ f)(V ), f ∈ L1(G),
which is also an injective, completely contractive homomorphism from L1(G) into B(L2(G)). Then
L∞(Ĝ′) := {ρ(f) : f ∈ L1(G)}′′ is the von Neumann algebra associated to the quantum group Ĝ′.
It follows that L∞(Ĝ′) = L∞(Ĝ)′ and L∞(G) ∩ L∞(Ĝ) = L∞(G) ∩ L∞(Ĝ′) = C1 [73, Proposition
3.4].
If G is a locally compact group, we let Ga = (L
∞(G),Γa, ϕa, ψa) denote the commutative
quantum group associated with the commutative von Neumann algebra L∞(G), where the co-
multiplication is given by Γa(f)(s, t) = f(st), and ϕa and ψa are integration with respect to a left
and right Haar measure, respectively. The fundamental unitaries in this case are given by
Waξ(s, t) = ξ(s, s
−1t), Vaξ(s, t) = ξ(st, t)∆(t)
1/2, ξ ∈ L2(G×G).
The dual Ĝa of Ga is the co-commutative quantum group Gs = (V N(G),Γs, ϕs, ψs), where V N(G)
is the left group von Neumann algebra with co-multiplication Γs(λ(t)) = λ(t)⊗ λ(t), and ϕs = ψs
is Haagerup’s Plancherel weight. Then L1(Ga) is the usual group convolution algebra L
1(G), and
L1(Gs) is the Fourier algebra A(G). It is known that every commutative locally compact quantum
group is of the formGa [68, Theorem 2]. By duality, every co-commutative locally compact quantum
group is of the form Gs.
For a locally compact quantum group G, we let R and (τt)t∈R denote the unitary antipode and
scaling group of G, respectively. The unitary antipode satisfies
(8) (R⊗R) ◦ Γ = Σ ◦ Γ ◦R,
where Σ : L∞(G)⊗L∞(G)→ L∞(G)⊗L∞(G) denotes the flip map. The antipode of G is S = Rτ− i
2
,
and is a closed densely defined operator on L∞(G), whose domain we denote by D(S). Let L1∗(G)
be the subspace of L1(G) defined by
L1∗(G) = {f ∈ L
1(G) : ∃ g ∈ L1(G) s.t. g(x) = f∗ ◦ S(x) ∀x ∈ D(S)},
where f∗(x) = f(x∗), x ∈ L∞(G). There is an involution on L1∗(G) given by f
o = f∗ ◦S, such that
L1∗(G) becomes a Banach ∗-algebra under the norm ‖f‖∗ = max{‖f‖, ‖f
o‖}. A quantum group
7G is said to be a Kac algebra if S = R, and the modular element δ is affiliated to the center of
L∞(G). In this case Ĝ is also a Kac algebra, and L1(G) is a Banach ∗-algebra.
For general G, we let C0(G) := λˆ(L1(Ĝ))
‖·‖
denote the reduced quantum group C∗-algebra of
G. We say that G is compact if C0(G) is a unital C
∗-algebra, in which case we denote C0(G) by
C(G). It is well-known that G is compact if and only if Ĝ is discrete. In general, the operator
dual M(G) := C0(G)
∗ is a completely contractive Banach algebra containing L1(G) as a norm
closed two-sided ideal via the map L1(G) ∋ f 7→ f |C0(G) ∈ M(G). The co-multiplication satisfies
Γ(C0(G)) ⊆ M(C0(G) ⊗
∨ C0(G)), where M(C0(G) ⊗
∨ C0(G)) is the multiplier algebra of the
C∗-algebra C0(G)⊗
∨ C0(G).
We let Cu(G) be the universal quantum group C
∗-algebra of G, which is the universal enveloping
C∗-algebra of the Banach ∗-algebra L1∗(Ĝ), and denote the canonical surjective ∗-homomorphism
onto C0(G) by ΛG : Cu(G)→ C0(G) [42]. The space Cu(G)
∗ then has the structure of a unital com-
pletely contractive Banach algebra such that the map L1(G)→ Cu(G)
∗ given by the composition of
the inclusion L1(G) ⊆M(G) and Λ∗
G
:M(G)→ Cu(G)
∗ is a completely isometric homomorphism,
and it follows that L1(G) is a norm closed two-sided ideal in Cu(G)
∗ [42, Proposition 8.3]. There
is a universal co-multiplication Γu : Cu(G)→M(Cu(G)⊗
∨ Cu(G)) satisfying
(ΛG ⊗ ΛG) ◦ Γu = Γ ◦ ΛG.
As above, throughout the paper we will use the same notation for a strict maps A → B between
C∗-algebras A and B and their (unique) strictly continuous extensions M(A) → M(B). See [45]
for details.
A (right) unitary co-representation of G is a unitary U ∈ M(K(H) ⊗∨ Cu(G)) satisfying (id ⊗
Γu)(U) = U12U13. We will also abuse terminology and refer to the reduced version of U , (id ⊗
ΛG)(U) ∈M(K(H) ⊗
∨ C0(G)), as a unitary co-representation. Left unitary co-representations are
defined analogously, and it follows that W ∈ M(C0(G) ⊗
∨ C0(Ĝ)) and V ∈ M(C0(Ĝ
′) ⊗∨ C0(G))
are left and right unitary co-representations of G, respectively. The conjugation co-representation
is given by WσV σ ∈ M(C0(G) ⊗∨ K(H)). From [42] it is known that there exists a one-to-one
correspondence between unitary co-representations in M(K(H) ⊗∨ Cu(G)) and non-degenerate ∗-
homomorphisms L1∗(Ĝ)→ B(H).
For any locally compact quantum group G, the GNS Hilbert space of the dual left Haar weight
ϕ̂ on L∞(Ĝ) can be identified with L2(G). In this case, the product of the modular conjugations
arising from the left Haar weights ϕ and ϕ̂ defines a unitary U := ĴJ on L2(G) intertwining
the left and right regular representations via ρ(f) = Uλ(f)U∗, f ∈ L1(G) (it will be clear from
context whether the notation U refers to ĴJ or to a unitary co-representation). At the level of the
fundamental unitaries, this relation becomes
(9) V = σ(1⊗ U)W (1⊗ U∗)σ,
where σ : L2(G) ⊗ L2(G) → L2(G) ⊗ L2(G) is the flip map. We also record the adjoint formulas
(Ĵ ⊗J)W (Ĵ ⊗J) =W ∗ and (J ⊗ Ĵ)V (J ⊗ Ĵ) = V ∗, which, in terms of the unitary antipodes reads
(R ⊗ R̂)(W ) = W and (R̂ ⊗ R)(V ) = V . The left and right fundamental unitaries of the dual Ĝ
are given by
(10) Ŵ = σW ∗σ, V̂ = (J ⊗ J)W (J ⊗ J).
An element bˆ ∈ L∞(Ĝ) is said to be a completely bounded left multiplier of L1(G) if bˆλ(f) ∈
λ(L1(G)) for all f ∈ L1(G) and the induced map
ml
bˆ
: L1(G) ∋ f 7→ λ−1(bˆλ(f)) ∈ L1(G)
is completely bounded on L1(G). We let M lcb(L
1(G)) denote the space of all completely bounded
left multipliers of L1(G), which is a completely contractive Banach algebra with respect to the
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norm
‖[bˆij ]‖Mn(M lcb(L1(G)))
= ‖[ml
bˆij
]‖cb.
Completely bounded right multipliers are defined analogously and we denote by M rcb(L
1(G)) the
corresponding completely contractive Banach algebra.
Given bˆ ∈ M lcb(L
1(G)), the adjoint Θl(bˆ) := (ml
bˆ
)∗ defines a normal completely bounded left
L1(G)-module map on L∞(G). When bˆ = λ(f), for some f ∈ L1(G), the map Θl(λ(f)) is nothing
but the convolution action of L1(G) on L∞(G), that is,
Θl(λ(f))(x) = x ⋆ f = (f ⊗ id)Γ(x), x ∈ L∞(G).
For any bˆ ∈M lcb(L
1(G)), the map Θl(bˆ) extends to a unique normal completely bounded L∞(Ĝ′)-
bimodule map on B(L2(G)) which leaves L∞(G) globally invariant [38], and the corresponding
representation
Θl :M lcb(L
1(G)) ∼= CB
σ,L∞(G)
L∞(Ĝ′)
(B(L2(G)))
yields a completely isometric isomorphism of completely contractive Banach algebras. It is known
thatM lcb(L
1(G)) is a dual space (see [35, Theorem 3.5], for instance), and that Θl is a weak*-weak*
homeomorphism [21, Theorem 6.1]. Similar constructions exist for right multipliers, see [35] for
details.
3. QSIN Quantum Groups
If G is a locally compact group and p ∈ [1,∞], then G acts by conjugation on Lp(G) via
βp(s)f(t) = f(s
−1ts)∆(s)1/p, s, t ∈ G, f ∈ Lp(G).
When p = 2, we obtain a strongly continuous unitary representation β2 : G→ B(L
2(G)) satisfying
β2(s) = λ(s)ρ(s) = (δs ⊗ id)(WaσVaσ), s ∈ G,
The group G is said to quasi-SIN (QSIN) if there exists a bounded approximate identity (BAI)
(fi) for L
1(G) satisfying
(11) ‖β1(s)fi − fi‖ → 0, s ∈ G.
Every amenable group is QSIN [48, Theorem 3], and, trivially, any SIN group is QSIN. In the latter
case, G possesses a conjugation invariant neighbourhood basis of the identity which generates a
bounded approximate identity (b.a.i.) (fi) for L
1(G) invariant under β1.
For a QSIN group G, one can always choose a b.a.i. (fi) consisting of states. From the quantum
group perspective, such a b.a.i. generates a net of unit vectors (ξi) in L
2(G) which is simulta-
neously asymptotically invariant under the conjugation co-representation WaσVaσ and the right
fundamental unitary of the dual V̂a = Vs. This motivates the following.
Definition 3.1. Let G be a locally compact quantum group. We say that G is quasi-SIN (or
QSIN) if there exists a net (ξi) of unit vectors in L
2(G) such that
(i) ‖WσV ση ⊗ ξi − η ⊗ ξi‖ → 0, η ∈ L
2(G);
(ii) ‖V̂ ξi ⊗ η − ξi ⊗ η‖ → 0, η ∈ L
2(G);
Examples 3.2.
(1) By definition, a commutative quantum group Ga = L
∞(G) is QSIN precisely when G is
QSIN.
(2) A co-commutative quantum groupGs = V N(G) is QSIN if and only ifG is amenable. In this
case, Vs = Wa, so that WsσVsσ = WsW
∗
s = 1, that is, the conjugation co-representation is
trivial. The QSIN condition therefore reduces to co-amenability of Gs, that is, amenability
of G.
9(3) Any discrete Kac algebra is QSIN as the unit vector ξ := Λϕ(1) satisfies conditions (i)–(iii),
where ϕ is the Haar trace on the compact dual.
(4) Any co-amenable compact Kac algebra is QSIN. In this case, one takes a b.a.i. (fi) for
L1(G) and performs the standard averaging technique (see [58, §4]) to make it conjugation
invariant.
The QSIN condition for quantum groups has appeared implicitly in [10, 59, 74]. In particular,
Ruan and Xu proved that L1(G) is relatively 1-biflat for any Kac algebra G whose dual Ĝ is
QSIN [59, Theorem 4.3]. Here, relative 1-biflatness means the existence of a completely contractive
L1(G)-bimodule left inverse to the co-multiplication Γ. Their construction is as follows: let (ξi) be
a net witnessing the QSIN property of Ĝ, and define
(12) Φi : L
∞(G)⊗L∞(G) ∋ X 7→ (ωξi ⊗ id)W
∗(U∗ ⊗ 1)X(U ⊗ 1)W ∈ L∞(G).
Any weak* cluster point Φ of the net (Φi) in CB(L
∞(G)⊗L∞(G), L∞(G)) will be a L1(G)-bimodule
inverse to Γ: each Φi is a left module map so Φ is as well; the conjugation invariance implies
Φ ◦ Γ = idL∞(G), while the approximate identity condition implies that Φ is a right module map.
We provide a quicker argument using [14, Proposition 5.1].
Proposition 3.3. Let G be a locally compact quantum group whose dual Ĝ is QSIN. Then L1(G)
is relatively 1-biflat.
Proof. Let (ξi) be a net of unit vectors in L
2(G) witnessing the QSIN property of Ĝ, and without
loss of generality, suppose M := w∗ − limi ωξi ∈ B(L
2(G))∗. Then M is a state satisfying
〈M,ωη ⋆ x〉 = lim
i
〈V (x⊗ 1)V ∗ξi ⊗ η, ξi ⊗ η〉 = lim
i
〈(x⊗ 1)ξi ⊗ η, ξi ⊗ η〉 = 〈M,x〉〈ωη , 1〉
for every η ∈ L2(G) and x ∈ L∞(G). Hence, M |L∞(G) is a right invariant mean on L
∞(G).
Moreover, as σV̂ σ ∈ L∞(Ĝ)⊗L∞(G)′, we have
〈M, (id ⊗ ωη)V̂
′(x⊗ 1)V̂ ′∗〉 = lim
i
〈V̂ ′(x⊗ 1)V̂ ′∗ξi ⊗ η, ξi ⊗ η〉
= lim
i
〈V ∗(1⊗ x)V η ⊗ ξi, η ⊗ ξi〉
= lim
i
〈Ŵ (1⊗ x)Ŵ ∗(U∗η ⊗ ξi), U
∗η ⊗ ξi〉
= lim
i
〈ŴσV̂ σ(1⊗ x)σV̂ ∗σŴ ∗(U∗η ⊗ ξi), U
∗η ⊗ ξi〉
= lim
i
〈(1⊗ x)U∗η ⊗ ξi, U
∗η ⊗ ξi〉
= 〈M,x〉〈ωη , 1〉.
The hypotheses of [14, Proposition 5.1] are then satisfied, yielding the claim.

Remark 3.4. Proposition 3.3 was established for co-commutative G in [2], by a different approach
than [59]. Even in the co-commutative setting, the converse of Proposition 3.3 is still open in full
generality, although it is known to hold for any almost connected group, as well as any totally
disconnected group [15].
Corollary 3.5. Let G be a QSIN locally compact quantum group. If, in addition, G is either
compact or discrete, then G is Kac algebra.
Proof. Suppose that G is QSIN. If G were also compact then Proposition 3.3 implies that L1(Ĝ)
is relatively 1-biflat over itself, upon which [14, Corollary 5.4] implies that G is a Kac algebra. If
G were discrete, then again by Proposition 3.3 L1(Ĝ) is relatively 1-biflat which by [11, Theorem
1.1] forces G to be a Kac algebra. 
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Remark 3.6. It would be interesting to see whether the QSIN condition for a general quantum
group G implies that G is necessarily a Kac algebra, or at least that G has trivial scaling group.
3.1. Examples arising from the bicrossed product construction. Let G,G1 and G2 be
locally compact groups with fixed left Haar measures for which there exists a homomorphism i :
G1 → G and an anti-homomorphism j : G2 → G which have closed ranges and are homeomorphisms
onto these ranges. Suppose further that G1×G2 ∋ (g, s) 7→ i(g)j(s) ∈ G is a homeomorphism onto
an open subset of G having complement of measure zero. Then (G1, G2) is said to be a matched pair
of locally compact groups [72, Definition 4.7]. Any matched pair (G1, G2) determines a matched
pair of actions α : G1 ×G2 → G2 and β : G1 ×G2 → G1 satisfying mutual co-cycle relations [72,
Lemma 4.9]. It is known that the von Neumann crossed product G1⋊αL
∞(G2) admits a quantum
group structure, called the bicrossed product of the matched pair (G1, G2). The von Neumann
algebra of the dual quantum group is given by the crossed product L∞(G1)
β ⋉G2, and therefore,
following [49], we denote the bicrossed product quantum group by V N(G1)
β ⊲⊳α L
∞(G2).
Below we present sufficient conditions on the matched pair (G1, G2) under which the bicrossed
product is QSIN. In preparation we collect some useful formulae from [72, §4], to which we refer the
reader for details. To ease the presentation we suppress the notations i and j for the embeddings
into G.
The co-cycle relations between α and β are
αg(st) = αβt(g)(s)αg(t), βs(gh) = βαh(g)βs(h)
αgh(s) = αg(αh(s)) βst(g) = βs(βt(g))
which hold for almost every (g, s), (h, t) in G1 ×G2 (see [72, Lemma 4.9] for a precise statement).
We also record
αg(e) = e = βs(e), αe(s) = s, βe(g) = g, g ∈ G1, s ∈ G2.
The fundamental unitary W satisfies
W ∗ξ(g, s, h, t) = ξ(βt(h)
−1g, s, h, αβt(h)−1g(s)t), ξ ∈ L
2(G1 ×G2 ×G1 ×G2).
Letting ∆, ∆1, and ∆2 denote the modular functions for the groups G, G1, and G2, respectively,
the modular conjugations J and Ĵ of the dual Haar weights satisfy
Jξ(g, s) = ∆(βs(g))
−1/2∆1(βs(g)g
−1)1/2∆2(αg(s)s
−1)1/2ξ(g−1, αg(s))
Ĵξ(g, s) = ∆(αg(s))
1/2∆1(βs(g)g
−1)1/2∆2(αg(s)s
−1)1/2ξ(βs(g), s
−1),
for all ξ ∈ L2(G1×G2). Let Ψ : G2×G1 → (0,∞) be the (continuous) function determined by the
Radon-Nikodym derivatives Ψ(s, g) := dβs(g)dg . It follows that
Ψ(s, g) = ∆(αg(s))∆1(βs(g)g
−1)∆2(αg(s)), g ∈ G1, s ∈ G2.
The action β determines a unitary representation of G2 on L
2(G1) given by
v(s)ξ(g) =
(
dβs−1(g)
dg
)1/2
ξ(βs−1(g)), ξ ∈ L
2(G1).
A matched pair (G1, G2) is said to be modular if
Ψ(s, g)
Ψ(s, e)
= 1 and
∆1(βs(g))
∆1(g)
=
∆2(αg(s))
∆2(s)
, g ∈ G1, s ∈ G2.
It is known that the bicrossed product V N(G1)
β ⊲⊳α L
∞(G2) is a Kac algebra if and only if the
matched pair (G1, G2) is modular [49, Theorem 2.12], [72, Proposition 4.16].
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Proposition 3.7. Let (G1, G2) be a modular matched pair of locally compact groups such that
(i) G1 is amenable, witnessed by a net (ξi) of unit vectors in L
2(G1) satisfying
‖ρ(s)ξi − ξi‖, ‖v(s)ξi − ξi‖ → 0, s ∈ G,
uniformly on compacta.
(ii) G2 is discrete.
(iii) ∆|G1 = ∆1.
Then V N(G1)
β ⊲⊳α ℓ
∞(G2) is QSIN.
Proof. Let (ξi) be a net of unit vectors in L
2(G1) satisfying (i). We first verify condition (ii) in
Definition 3.1. Let η ∈ Cc(G1 ×G2). Then
‖W ∗(J1ξi ⊗ δe2 ⊗ η)− J1ξi ⊗ δe2 ⊗ η‖
2
=
∫∫∫∫
|J1ξi(βt(h)
−1g)δe2(s)η(h, αβt(h)−1g(s)t)− J1ξi(g)δe2(s)η(h, t)|
2 dg ds dh dt
=
∫∫∫
|J1ξi(βt(h)
−1g)− J1ξi(g)|
2|η(h, t)|2 dg dh dt
=
∫∫
‖λ(βt(h))J1ξi − J1ξi‖
2|η(h, t)|2 dh dt
=
∫∫
‖ρ(βt(h))ξi − ξi‖
2|η(h, t)|2 dh dt
→ 0.
Now, since V̂ = (J ⊗J)W (J ⊗J), the modularity of the pair (G1, G2) together with condition (iii)
imply
J(ξi ⊗ δe2)(g, s) = ∆(βs(g))
−1/2ξi(g
−1)δe2(αg(s)) = ∆1(g)
−1/2ξi(g
−1)δe2(s) = J1ξ ⊗ δe2(g, s).
Thus,
‖V̂ ∗(ξi ⊗ δe2 ⊗ η)− ξi ⊗ δe2 ⊗ η‖
2 = ‖W ∗(J1ξi ⊗ δe2 ⊗ Jη)− J1ξi ⊗ δe2 ⊗ Jη‖
2 → 0,
and Definition 3.1 (ii) is satisfied.
Now, using the co-cycle properties of α and β [72, Lemma 4.9] together with the definitions of
W and Ĵ , one sees that
(Ĵ ⊗ Ĵ)W ∗(Ĵ ⊗ Ĵ)ξ(g, s, h, t)
= ∆(αh−1βs(g)(s
−1))1/2ξ(βαβs(g)(s−1)(h
−1)g, s, βαβs(g)(s−1)(h
−1)−1, tαh−1βs(g)(s
−1)−1)
for all ξ ∈ L2(G1 ×G2 ×G1 ×G2). Then for any η ∈ Cc(G1 ×G2), and any i, we have
〈WσV σ(η ⊗ ξi ⊗ δe2), η ⊗ ξi ⊗ δe2〉 = 〈(Ĵ ⊗ Ĵ)W
∗(Ĵ ⊗ Ĵ)(η ⊗ ξi ⊗ δe2),W
∗(η ⊗ ξi ⊗ δe2)〉
=
∫∫∫∫
∆(αh−1βs(g)(s
−1))1/2 η(βαβs(g)(s−1)(h
−1)g, s) ξi(βαβs(g)(s−1)(h
−1)−1) δe2(t(αh−1βs(g)(s
−1))−1)
× η(βt(h)
−1g, s) ξi(h) δe2(αβt(h)−1g(s)t) dg ds dh dt.
We must therefore have t = αh−1βs(g)(s
−1). Using the co-cycle properties [72, Lemma 4.9] this
forces
βt(h)
−1 = βαh(t)(h
−1) = βαh(αh−1βs(g)(s
−1))(h
−1) = βαβs(g)(s−1)(h
−1) = βαg(s)−1(h
−1).
Also, the modularity condition and the discreteness of G2 imply that
∆(αg(s)) = ∆(s), g ∈ G1, s ∈ G2.
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Plugging this into the integral we obtain∫∫∫
∆(s−1)1/2|η(βαg(s)−1(h
−1)g, s)|2 ξi(βαg(s)−1(h
−1)−1) ξi(h) dg ds dh.
Upon the substitution h′ = βαg(s)−1(h
−1), the modularity condition implies
dh′ =
dβαg(s)−1(h
−1)
dh−1
∆1(h
−1)dh
= Ψ(αg(s)
−1, h−1)∆1(h
−1)dh
= ∆(αh−1(αg(s)
−1))∆1(h
−1)dh
= ∆(αh−1(αβs(g)(s
−1)))∆1(h
−1)dh
= ∆(αh−1βs(g)(s
−1))∆1(βαg(s)−1(h
−1))dh
= ∆(s−1)∆1(h
′)dh
Making the substitution (and replacing h′ with h) we get∫∫∫
∆(s)1/2|η(hg, s)|2 ξi(h
−1) ξi(βαg(s)(h)
−1)∆1(h)
−1 dg ds dh
=
∫∫∫
∆(s)1/2|η(g, s)|2 ξi(h
−1) ξi(βα
h−1g(s)
(h)−1)∆1(h)
−1 dg ds dh.
But
βα
h−1g(s)
(h) = βα
h−1 (αg(s))
(h) = βαg(s)(h
−1)−1,
so the integral becomes∫∫∫
∆(s)1/2|η(g, s)|2 ξi(h
−1) ξi(βαg(s)(h
−1))∆1(h)
−1 dg ds dh.
=
∫∫∫
∆(s)1/2|η(g, s)|2 J1ξi(h) v(αg(s)−1)ξi(h
−1)
(
dβαg(s)(h
−1)
dh−1
)−1/2
∆1(h)
−1/2 dg ds dh.
=
∫∫∫
∆(s)1/2|η(g, s)|2 J1ξi(h) v(αg(s)−1)ξi(h
−1)Ψ(αg(s), h
−1)−1/2∆1(h)
−1/2 dg ds dh.
=
∫∫∫
∆(s)1/2|η(g, s)|2 J1ξi(h) v(αg(s)−1)ξi(h
−1)∆(αh−1(αg(s)))
−1/2∆1(h)
−1/2 dg ds dh.
=
∫∫∫
∆(s)1/2|η(g, s)|2 J1ξi(h) v(αg(s)−1)ξi(h
−1)∆(s)−1/2∆1(h)
−1/2 dg ds dh.
=
∫∫∫
|η(g, s)|2 J1ξi(h) J1(v(αg(s)
−1)ξi)(h) dg ds dh.
=
∫∫
|η(g, s)|2 〈J1(v(αg(s)
−1)ξi), J1ξi〉 dg ds.
=
∫∫
|η(g, s)|2 〈ξi, v(αg(s)
−1)ξi〉 dg ds.
→ ‖η‖2
It follows that the net (ξi ⊗ δe2) satisfies Definition 3.1, and V N(G1)
β ⊲⊳α ℓ
∞(G2) is QSIN. 
Examples 3.8.
(1) Let (G1, G2) be a matched pair. If one of the actions is trivial, then the pair is modular by
[72, Corollary 4.17]. Thus, if β is trivial, G1 is amenable, G2 is discrete, and ∆|G1 = ∆1,
then V N(G1)
β ⊲⊳α ℓ
∞(G2) is a QSIN quantum group. In particular, if G1 is an amenable
discrete group acting by homomorphisms on a discrete group G2, then V N(G1)
β ⊲⊳α ℓ
∞(G2)
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is QSIN. In this case, the ambient group G is G1×G2 with the multiplication (g, s) · (h, t) =
(gh, αg(t)s).
(2) Let H(R) denote the Heisenberg group of 3× 3 upper triangular matrices with ones on the
diagonal. By [49, Example 4.1] the actions
αg(s) = (1 + g(s
−1 − 1))−1, βs(g) = (1 + s(g
−1 − 1))−1, g, s ∈ H(R),
determine a modular matched pair (H(R),H(R)). Here, we put the discrete topology on
the second copy of H(R). As above, the ambient group G is H(R)×H(R) with the Zappa–
Sze´p product (g, s) · (h, t) = (βt(g)h, αg(t)s). In this case i and j are simply the coordinate
maps. Letting g = (g1, g2, g3) denote the matrix
1 g1 g20 1 g3
0 0 1

 ∈ H(R),
it follows that
βs(g) = (g1, g2 + s1g3, g3) = (s1, 0, 0) · (g1, g2, g3) · (s1, 0, 0)
−1, s, g ∈ H(R).
Similarly for α. In particular, the actions preserve the Haar measures on the respective
copies of H(R). It follows that ∆ ≡ 1.
Let (ξi) be a net of unit vectors in L
2(H(R)) satisfying ‖λ(s)ξi − ξi‖, ‖ρ(s)ξi − ξi‖ → 0
uniformly on compacta. Such a net exists by approximating a two-sided invariant mean on
L∞(H(R)) by normal states in L1(H(R)) and then taking square roots. Then
‖v(s)ξi − ξi‖
2 = ‖λ(s1, 0, 0)ρ(s1, 0, 0)ξi − ξi‖
2 → 0.
Thus, the conditions of Proposition 3.7 are satisfied, and V N(H(R))β ⊲⊳α ℓ
∞(H(R)) is
QSIN.
4. Gilbert Factorization
We now establish the Gilbert factorization Γ2,r
L1(G)
(L1(G), L∞(G)) ∼= M lcb(L
1(Ĝ)) for QSIN and
bounded degree quantum groups. We split the two cases into separate subsections.
4.1. QSIN Quantum Groups. In [46] it was shown that for any QSIN group G, pointwise
multiplication A(G)⊗h A(G)→ C0(G) is a complete quotient map. Quite recently a similar result
was established for a large class of quantum groups G [10], including those whose dual Ĝ is QSIN
in our terminology. It follows that for G whose dual Ĝ is QSIN, the induced map
(13) L1(G)⊗hL1(G) L
1(G)→ C0(Ĝ
′)
is also a complete quotient, where L1(G) ⊗hL1(G) L
1(G) is the module Haagerup tensor product,
defined as the quotient of L1(G)⊗hL1(G) by the closed subspace 〈f⋆g⊗h−f⊗g⋆h | f, g, h ∈ L1(G)〉.
Using different techniques, we build on these results by showing that in this case (13) is actually a
completely isometric isomorphism.
Theorem 4.1. Let G be a locally compact quantum group whose dual Ĝ is QSIN. Then
Γ2,r
L1(G)
(L1(G), L∞(G)) ∼=M(Ĝ′)
completely isometrically and weak*-weak* homeomorphically. Thus,
L1(G)⊗hL1(G) L
1(G) ∼= C0(Ĝ
′)
completely isometrically.
Proof. The composition
(14) mh : L
1(G)⊗h L1(G)
ρ⊗ρ
−−→ C0(Ĝ
′)⊗h C0(Ĝ
′)
m
−→ C0(Ĝ
′)
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is a complete contraction, and its adjoint (mh)
∗ :M(Ĝ′)→ L∞(G)⊗w
∗h L∞(G) satisfies
〈(mh)
∗(µˆ′), f ⊗ g〉 = 〈µˆ′, ρ(f)ρ(g)〉 = 〈µˆ′, ρ(f ⋆ g)〉 = 〈Γ(ρ∗(µˆ
′)), f ⊗ g〉
for all f, g ∈ L1(G), where ρ∗(µˆ
′) = (µˆ′ ⊗ id)(V ). Thus, (mh)
∗(µˆ′) = Γ(ρ∗(µˆ
′)), so under the
canonical identification (5)
Γ2,r
L1(G)
(L1(G), L∞(G)) = (L1(G)⊗hL1(G) L
1(G))∗,
the adjoint of (14) defines a complete contraction (mh)
∗ :M(Ĝ′)→ Γ2,r
L1(G)
(L1(G), L∞(G)).
The idea is to show that any cluster point of (12) maps L∞(G)⊗w
∗h L∞(G) completely contrac-
tively into M(Ĝ′). Let (ξi)i∈I be a net witnessing the QSIN property of Ĝ. By passing to a subnet,
we may assume without loss of generality that M = w∗ − limi ωξi ∈ B(L
2(G))∗ is a state. Define
Φ : L∞(G)⊗L∞(G) ∋ X 7→ (M ⊗ id)W ∗(U∗ ⊗ 1)X(U ⊗ 1)W ∈ L∞(G).
Then, as in [59], Φ is an L1(G)-bimodule left inverse to Γ. On simple tensors,
〈Φ(x⊗ y), f〉 = 〈(M ⊗ id)((U∗xU ⊗ 1)Γ(y)), f〉 = 〈M,U∗xU(f ⋆ y)〉,
for all x, y ∈ L∞(G), f ∈ L1(G).
Let X ∈ L∞(G) ⊗w
∗h L∞(G) ⊆ L∞(G)⊗L∞(G). Then there exist families (xj), (yj) in L
∞(G)
such that
∑
j xjx
∗
j ,
∑
j y
∗
j yj < ∞ and X =
∑
j xj ⊗ yj. Condition (ii) of the QSIN property of Ĝ
implies
‖V (ξi ⊗ η)− ξi ⊗ η‖ → 0.
Therefore, if f = ωη,ζ , for some η, ζ ∈ L
2(G), then
lim
i
|〈
∑
j
(U∗xjU(f ⋆ yj)ξi − U
∗xjUρ(f)yjξi), ξi〉|
= lim
i
|〈
∑
j
(id ⊗ ζ∗)((U∗xjU ⊗ 1)V (yj ⊗ 1)V
∗(ξi ⊗ η)− (U
∗xjU ⊗ 1)V (yj ⊗ 1)ξi ⊗ η), ξi〉|
= lim
i
|〈
∑
j
(U∗xjU ⊗ 1)V (yj ⊗ 1)(V
∗(ξi ⊗ η)− ξi ⊗ η), ξi ⊗ ζ〉|
≤ lim
i
‖
∑
j
(U∗xjU ⊗ 1)V (yj ⊗ 1)‖‖V
∗(ξi ⊗ η)− ξi ⊗ η‖‖ξi ⊗ ζ‖
≤ lim
i
‖
∑
j
xjx
∗
j‖
1/2‖
∑
j
y∗j yj‖
1/2‖V ∗(ξi ⊗ η)− ξi ⊗ η‖‖ζ‖
= 0.
Hence,
〈Φ(X), f〉 = lim
i
〈ωξi , (id ⊗ f)W
∗(U∗ ⊗ 1)X(U ⊗ 1)W 〉
= lim
i
∑
j
〈U∗xjU(f ⋆ yj)ξi, ξi〉
= lim
i
∑
j
〈U∗xjUρ(f)yjξi, ξi〉
= lim
i
〈ΘX′(ρ(f))ξi, ξi〉
= 〈M,ΘX′(ρ(f))〉,
where ΘX′ is the element of CB
σ(B(L2(G))) associated to (Ad(U∗)⊗ id)(X) ∈ L∞(G)′⊗w
∗hL∞(G).
Note that
L∞(G)⊗w
∗h L∞(G) ∋ X 7→ ΘX′ ∈ CB
σ(B(L2(G)))
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is a complete isometry. Thus, the restriction of Φ to L∞(G) ⊗w
∗h L∞(G) defines a complete
contraction into M(Ĝ′): if [Xij ] ∈Mn(L
∞(G)⊗w
∗h L∞(G)), [fkl] ∈Mm(L
1(G)), then
‖〈Φ([Xij ]), [fkl]〉‖Mn(Mm) = ‖〈M,Θ[X′ij ]([ρ(fkl)])〉‖Mn(Mm)
≤ ‖Θ[X′ij ]‖cb‖[ρ(fkl)]‖Mm(C0(Ĝ′))
= ‖[Xij ]‖Mn(L∞(G)⊗w∗hL∞(G))‖[ρ(fkl)]‖Mm(C0(Ĝ′)).
Let Φ˜ : L∞(G)⊗w
∗h L∞(G)→M(Ĝ′) denote the resulting map. Given X ∈ L∞(G)⊗w
∗h L∞(G),
observe that the associated measure satisfies
〈Φ˜(X), ρ(f)〉 := 〈Φ(X), f〉 = 〈ρ∗(Φ˜(X)), f〉, f ∈ L
1(G).
Thus, Φ(X) = ρ∗(Φ˜(X)), and so
〈Φ˜((mh)
∗(µˆ′)), ρ(f)〉 = 〈Φ(Γ(ρ∗(µˆ
′))), f〉 = 〈ρ∗(µˆ
′), f〉 = 〈µˆ′, ρ(f)〉.
It follows that Φ˜ ◦ (mh)
∗ = idM(Ĝ′) so that (mh)
∗ is a complete isometry.
Finally, given Ψ ∈ Γ2,r
L1(G)
(L1(G), L∞(G)) ⊆ CBL1(G)(L
1(G), L∞(G)), as L1(G) is self-induced,
we have Ψ = Γ(x) for some x ∈ L∞(G) with Γ(x) ∈ L∞(G)⊗w
∗h L∞(G). But then x = Φ(Γ(x)) =
ρ∗(µˆ
′) for some µˆ′ ∈ M(Ĝ′), and (mh)
∗(µˆ′) = Γ(ρ∗(µˆ
′)) = Ψ. Hence, (mh)
∗ is a weak*-weak*
continuous completely isometric isomorphism.

Corollary 4.2. Let G be a QSIN locally compact group. Then
Γ2,rA(G)(A(G), V N(G))
∼=M(G)
completely isometrically and weak*-weak* homeomorphically. Thus,
A(G)⊗hA(G) A(G)
∼= C0(G)
completely isometrically.
Corollary 4.3. Let G be a QSIN locally compact group. Then the diagonal D = {(s, s) : s ∈ G} is
a set of spectral synthesis for Ah(G) := A(G) ⊗
h A(G).
Proof. Let
I(D) := {u ∈ Ah(G) | u(s, s) = 0 for all s ∈ D},
and
J(D) := {u ∈ Ah(G) ∩ Cc(G×G) | supp(u) ∩D = ∅}.
Let x ∈ J(D)⊥ ⊆ V N(G) ⊗w
∗h V N(G) = (Ah(G))
∗. Since A(G ×G) = A(G)⊗̂A(G) contractively
injects into Ah(G), we have that x annihilates
{u ∈ A(G×G) ∩ Cc(G×G) | supp(u) ∩D = ∅}.
It is known that every closed subgroup of G×G, in particular D, is a set of spectral synthesis for
A(G×G). Therefore, x annihilates
{u ∈ A(G×G) | u(s, s) = 0 for all s ∈ D}.
By [70, Theorem 3], this annihilator is the von Neumann subalgebra of V N(G × G) generated
by {λs ⊗ λs | s ∈ G}, i.e., Γ(V N(G)). Therefore, x ∈ Γ(V N(G)) ∩ V N(G) ⊗
w∗h V N(G), so by
Theorem 4.1 there exists a unique measure µ in M(G) such that x = Γ(ρ∗(µ)). Then for any
u ∈ I(D) we have
〈x, u〉 = 〈Γ(ρ∗(µ)), u〉 =
∫
G
u(s, s)dµ(s) = 0,
that is, x ∈ I(D)⊥. This implies that D is a set of spectral synthesis for Ah(G). 
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Remark 4.4. There is an error in [46, Theorem 1.1] which the authors have since addressed by
adding an additional assumption [47]. Corollary 4.3 implies that A(G) satisfies this additional
assumption for any QSIN locally compact group G. Thus, the statement of [46, Theorem 2.5]
remains valid.
Corollary 4.5. Let G be a locally compact quantum group whose dual Ĝ is QSIN. Then L1(G) is
completely isomorphic to an operator algebra if and only if G is finite.
Proof. If L1(G) is completely isomorphic to an operator algebra, then by [6, Theorem 2.2], the
multiplication
mh : L
1(G)⊗h L1(G)→ L1(G)
is completely bounded. Then (mh)
∗ : L∞(G) → Γ2,r
L1(G)
(L1(G), L∞(G)) is completely bounded.
Composing with the map Φ˜ : Γ2,r
L1(G)
(L1(G), L∞(G)) → M(Ĝ′) from Theorem 4.1, we see that
ρ∗ : M(Ĝ
′) → L∞(G) is surjective: given x ∈ L∞(G), x = Φ(Γ(x)) = Φ˜((mh)
∗(x)) = ρ∗(µˆ
′) for
some µˆ′. By the open mapping theorem, L∞(G) is isomorphic to M(Ĝ′) as a Banach space, and is
therefore weakly sequentially complete. By [64, Proposition 2], L∞(G) must be finite-dimensional,
i.e., G is finite. 
Remark 4.6. It was shown in [46, Proposition 3.1] that for a locally compact group G, A(G)
is completely isomorphic to an operator algebra if and only if G is finite. A key portion of the
argument is a result of Forrest [29, Theorem 3.2], which entails the discreteness of G from the Arens
regularity of A(G). We recover their result for QSIN groups, without explicitly resorting to Arens
regularity.
If, in addition to the hypotheses of Corollary 4.5 we assume that L1(G) is separable, then [36,
Theorem 3.10] implies that G must be compact, in which case the recent result [77, Corollary 1.3]
forces G to be finite.
4.2. Quantum Groups with Bounded Degree. Observe that Theorem 4.1 only recovers the
original Gilbert representation theorem for amenable groups: V N(G) is a QSIN quantum group if
and only if G is amenable. As we now show, the original Gilbert factorization relies implicitly on
the fact that V N(G) is a quantum group with bounded degree.
We say that a locally compact quantum group G has bounded degree if
deg(G) := sup{dim(U) | U ∈ Irr(G)} <∞,
where Irr(G) is the set of (equivalence classes) of irreducible co-representations of G. This notion
has recently appeared in the literature in connection with Property (T) [23], Thoma type results
[3] and unimodularity for discrete quantum groups [41].
Examples 4.7.
(1) A co-commutative quantum group Gs trivially has bounded degree, as dim(U) = 1 for all
U ∈ Irr(Gs).
(2) A commutative quantum group Ga has bounded degree if and only if its underlying group
G contains a closed abelian subgroup of finite index [50].
(3) If (G1, G2) is a matched pair of a countable discrete group G1 and a finite group G2, then
by [28, Theorem 3.4] the bicrossed product V N(G1)
β ⊲⊳α ℓ
∞(G2) has bounded degree.
Recall that a C∗-algebra A is subhomogeneous if every irreducible representation of A has dimen-
sion ≤ n for some n ∈ N. It is known that A is subhomogeneous if and only if A is ∗-isomorphic to
a C∗-subalgebra of Mn(C0(X)) for some n ∈ N and locally compact Hausdorff space X [5, Proposi-
tion IV.1.4.2]. Moreover, A is subhomogeneous if and only if A∗∗ is subhomogeneous if and only if
there is some n ∈ N such that A∗∗ is a direct sum of type Im von Neumann algebras for m ≤ n [5,
Proposition IV.1.4.6]. It follows from these facts that subhomogeneity passes to quotients as well
as C∗-subalgebras, and any subhomogenous C∗-algebra is nuclear.
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Lemma 4.8. Let G be a locally compact quantum group with bounded degree. Then C0(Ĝ) and
L∞(Ĝ) are subhomogeneous C∗-algebras and the unitary antipode Rˆ : L∞(Ĝ) → L∞(Ĝ) is com-
pletely bounded.
Proof. Any irreducible representation π : Cu(Ĝ) → B(H) arises from an irreducible unitary co-
representation U ∈ M(Cu(G) ⊗
∨ K(H)) of G via π(λu(f)) = (id ⊗ f ◦ ΛG)(U), f ∈ L
1
∗(G), where
λu : L
1
∗(G) → Cu(Ĝ) is the canonical map [42, Corollary 4.3]. Since G has bounded degree, there
exists some M ∈ N such that dim(π) ≤M . Hence, Cu(Ĝ) is subhomogeneous. It follows from the
discussion above that C0(Ĝ) and L
∞(Ĝ) are subhomogeneous. Thus, the adjoint operation and
hence Rˆ is completely bounded on L∞(Ĝ) (see the proof of [1, Proposition 5.1]). 
Lemma 4.9. Let G be a locally compact quantum group such that Ĝ has bounded degree and trivial
scaling group. Then G is co-amenable.
Proof. By Lemma 4.8, C0(G) is a nuclear subhomogeneous C
∗-algebra. Moreover, it admits a
tracial state. This may be seen, for instance, by taking an inclusion C0(G) ⊆Mn(C0(X)) for some
n ∈ N and locally compact Hausdorff space X. Then τn⊗µ is a tracial state on Mn(C0(X)) where
µ is a (regular Borel) probability measure on X and τn is the unique tracial state on Mn. Let
a ∈ C0(G) be positive and non zero. If τn ⊗ µ(a) = 0, for every probability measure µ, then by
faithfulness of τn, (id ⊗ µ)(a) = 0 for every for every such µ, whence a = 0. Hence, there exists
some µ for which τn ⊗ µ(a) 6= 0, and τn ⊗ µ|C0(G) is a non-zero trace on C0(G).
Since Ĝ has trivial scaling group, C0(G) is nuclear and admits a tracial state, G is co-amenable
by [14, Corollary 4.5]. 
Our proof of the Gilbert factorization will rely on two manifestations of a commutation relation
expressing quantum group duality. The first, at the level of multipliers, is [38, Theorem 5.1]:
Theorem 4.10. Let G be a locally compact quantum group. Then
Θ̂r(M rcb(L
1(Ĝ))) = Θr(M rcb(L
1(G)))c ∩ CBσL∞(G)(B(L
2(G))).
The second, at the level of co-multiplications, is [39, Proposition 6.3(1)]. Since our notation differs
from [39], and for convenience of the reader, we provide a proof (of an equivalent statement).
Proposition 4.11. Let G be a locally compact quantum group. Then
Γ(L∞(G)) = ((1⊗ U∗)Γ̂′(L∞(Ĝ′))(1 ⊗ U))′ ∩ L∞(G)⊗L∞(G).
Proof. Observe that
(1⊗ U∗)V̂ ′(1⊗ U) = (1⊗ U∗)σV ∗σ(1⊗ U) =W ∗.
For every x ∈ L∞(G) and xˆ′ ∈ L∞(Ĝ′), we then have
(1⊗ U∗)Γ̂′(xˆ′)(1⊗ U)Γ(x) = (1⊗ U∗)V̂ ′(x̂′ ⊗ 1)V̂ ′(1⊗ U)W ∗(1⊗ x)W
= (1⊗ U∗)V̂ ′(1⊗ U)(xˆ′ ⊗ 1)(1 ⊗ U∗)V̂ ′(1⊗ U)W ∗(1⊗ x)W
=W ∗(xˆ′ ⊗ 1)WW ∗(1⊗ x)W
=W ∗(1⊗ x)WW ∗(xˆ′ ⊗ 1)W
= Γ(x)(1⊗ U∗)Γ̂′(xˆ′)(1⊗ U).
This gives the inclusion Γ(L∞(G)) ⊆ ((1⊗U∗)Γ̂′(L∞(Ĝ′))(1⊗U))′ ∩L∞(G)⊗L∞(G). Conversely,
if X ∈ ((1⊗ U∗)Γ̂′(L∞(Ĝ′))(1 ⊗ U))′ ∩ L∞(G)⊗L∞(G), then as above
XW ∗(xˆ′ ⊗ 1)W =W ∗(xˆ′ ⊗ 1)WX, xˆ′ ⊗ L∞(Ĝ′),
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which implies that
WXW ∗ = L∞(Ĝ)⊗B(L2(G)) ∩ L∞(G)⊗B(L2(G)) = C⊗B(L2(G)).
Let T ∈ B(L2(G)) such thatWXW ∗ = 1⊗T . ThenX =W ∗(1⊗T )W = Γl(T ). By co-associativity
it follows that X ∈ L∞(G)⊗L∞(G) with (Γ ⊗ id)(X) = (id ⊗ Γ)(X). Hence, since L1(G) is self-
induced, X ∈ Γ(L∞(G)). 
Suppose G is a Kac algebra such that Ĝ has bounded degree. Then Lemma 4.8 ensures that
L∞(G) is subhomogeneous and R : L∞(G) → L∞(G) is completely bounded. It follows that
‖R‖cb = ‖ad‖cb ≤ deg(Ĝ), where ad : L
∞(G) → L∞(G) is the adjoint operation, viewed as an
antilinear map. In addition, the flip map Σ : L∞(G) ⊗w
∗h L∞(G) → L∞(G) ⊗w
∗h L∞(G) is
bounded with ‖Σ‖ ≤ deg(Ĝ)2 by (the proof of) [1, Proposition 5.1].
Below we work with completely bounded left multipliers of Ĝ′. Since
̂̂
G′ = Gop, the opposite
quantum group of G, with underlying von Neumann algebra L∞(G) and co-multiplication ΣΓ [44,
Proposition 4.2], M lcb(L
1(Ĝ′)) ⊆ L∞(G) is a subalgebra. Also by [44, §4], the left fundamental
unitary of Ĝ′ is
Ŵ ′ = Ŵ op = σ(W op)∗σ = σ(σV ∗σ)∗σ = V,
the right fundamental unitary of G. Thus, λˆ′(fˆ ′) = ρ∗(fˆ
′), for all fˆ ′ ∈ L1(Ĝ′). By (9) it follows
that λˆ′ = λˆ ◦ R˜∗, where R˜ : B(L
2(G)) ∋ T 7→ ĴT ∗Ĵ ∈ B(L2(G)) is the canonical extension of the
unitary antipode R. This entails that b ∈ L∞(G) defines an element of M lcb(L
1(Ĝ′)) if and only if
it defines an element of M lcb(L
1(Ĝ)), with
mˆ
′l
b = R˜∗ ◦ mˆ
l
b ◦ R˜∗, mˆ
l
b = R˜∗ ◦ mˆ
′l
b ◦ R˜∗.
Theorem 4.12. Let G be Kac algebra such that Ĝ has bounded degree. Then
Γ2,r
L1(G)
(L1(G), L∞(G)) ∼=M lcb(L
1(Ĝ′))
completely isomorphically and weak*-weak* homeomorphically, with
deg(Ĝ)−1‖[bij ]‖Mn(M lcb(L1(Ĝ′)))
≤ γ2,r([bij ]) ≤ deg(Ĝ)‖[bij ]‖Mn(M lcb(L1(Ĝ′)))
,
for all [bij ] ∈Mn(M
l
cb(L
1(Ĝ′)).
Proof. Let [bij ] ∈ Mn(M
l
cb(L
1(Ĝ′))). Then by [21, Proposition 6.1], for any ξ, η, α, β ∈ L2(G) we
have
(15) 〈Θ̂′
l
(bij)(ξη
∗)α, β〉 = 〈(id ⊗R)ΣΓ(bij), ωα,η ⊗ ωξ,β〉.
Under the canonical completely isometric identification
(16) K(L2(G))⊗̂T (L2(G)) ∋ ξη∗ ⊗ ωα,β 7→ ωξ,β ⊗ ωα,η ∈ T (L
2(G))⊗h T (L2(G)),
it follows that Σ ◦ (id⊗R)ΣΓ(bij) = (R⊗ id)Γ(bij) ∈ L
∞(G)⊗w
∗h L∞(G) corresponds to Θ̂′
l
(bij) ∈
CBσL∞(G)′(B(L
2(G))). Then
‖[Γ(bij)]‖Mn(L∞(G)⊗w∗hL∞(G)) = ‖[(R ⊗ id) ◦ (R ⊗ id)Γ(bij)]‖Mn(L∞(G)⊗w∗hL∞(G))
≤ deg(Ĝ)‖[(R ⊗ id)Γ(bij)]‖Mn(L∞(G)⊗w∗hL∞(G))
= deg(Ĝ)‖[Θ̂′
l
(bij)]‖Mn(L∞(G)⊗w∗hL∞(G))
= deg(Ĝ)‖[bij ]‖Mn(M lcb(L1(Ĝ′)))
.
Hence, Γ :M lcb(L
1(Ĝ′))→ Γ2,r
L1(G)
(L1(G), L∞(G)) is completely bounded.
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Given Φ ∈ Γ2,r
L1(G)
(L1(G), L∞(G)), since L1(G) is self-induced, we know that Φ = Γ(x) ∈
L∞(G)⊗w
∗h L∞(G) for some x ∈ L∞(G). It follows that Σ ◦ (id⊗R)Γ(x) ∈ L∞(G)⊗w
∗h L∞(G).
Let Φ′ denote the corresponding map in CBσ(B(L2(G))). We now show that R ◦Φ′ ◦R commutes
with Ad(U∗)◦Θr(ρ(f))◦Ad(U) for all f ∈ L1(G), which will allow us to appeal to the commutation
relations above.
Suppose f = ωζ |L∞(G). Then
Ad(U∗) ◦Θr(ρ(f)) ◦ Ad(U)(T ) = (id⊗ f)((U∗ ⊗ 1)V (UTU∗ ⊗ 1)V ∗(U ⊗ 1))
= (id⊗ f)(σWσ(T ⊗ 1)σWσ)
= (ωζ ⊗ id)(W (1⊗ T )W
∗)
=
∑
i
WiTW
∗
i ,
where Wi = (ωei,ζ ⊗ id)(W ), and (ei) is an orthonormal basis for L
2(G). Since G is a Kac algebra,
we have
∑
iWiW
∗
i ,
∑
iW
∗
i Wi <∞ (see Lemma 5.1 below). Using the identification (16), for every
α, β, ξ, η ∈ L2(G) we have
〈R ◦ Φ′ ◦R
(∑
i
Wiξη
∗W ∗i
)
α, β〉 =
∑
i
〈R ◦ Φ′ ◦R(Wiξη
∗W ∗i )α, β〉
=
∑
i
〈Φ′(ĴWiηξ
∗W ∗i Ĵ)Ĵβ, Ĵα〉
=
∑
i
〈(id⊗R)Γ(x), ωĴβ,ĴWiξ ⊗ ωĴWiη,Ĵα〉
=
∑
i
〈Γ(x), ωĴβ,ĴWiξ ⊗ ωα,Wiη〉
=
∑
i
〈Γ(x), ωĴβ,Ĵξ ·R(Wi)⊗ ωα,η ·W
∗
i 〉
=
∑
i
〈(R(Wi)⊗W
∗
i )Γ(x), ωĴβ,Ĵξ ⊗ ωα,η〉.
Now,
∑
iR(Wi)⊗W
∗
i ∈ L
∞(Ĝ′)⊗w
∗h L∞(Ĝ) and satisfies∑
i
〈R(Wi)⊗W
∗
i , ωξ,β ⊗ ωα,η〉 =
∑
i
〈Wi ⊗W
∗
i , ωĴβ,Ĵξ ⊗ ωα,η〉
= 〈(ωζ ⊗ id)(W (1⊗ Ĵβη
∗)W ∗)α, Ĵξ〉
= 〈(1⊗ U∗)W (1⊗ U)(1⊗ Jβη∗U)(1⊗ U∗)W ∗(1⊗ U)(ζ ⊗ U∗α), ζ ⊗ Jξ〉
= 〈σV σ(1 ⊗ Jβη∗U)σV ∗σ(ζ ⊗ U∗α), ζ ⊗ Jξ〉
= 〈V (Jβη∗U ⊗ 1)V ∗(U∗α⊗ ζ), Jξ ⊗ ζ〉
= 〈Θr(f)(Jβη∗U)U∗α, Jξ〉
= 〈Γ̂′(ρ(f)), ωU∗α,U∗η ◦ R̂⊗ ωJβ,Jξ〉
= 〈Γ̂′(ρ(f)), ωU∗α,U∗η ◦ R̂⊗ ωξ,β ◦ R̂〉
= 〈Σ ◦ (R̂⊗ R̂) ◦ Γ̂′(ρ(f)), ωξ,β ⊗ U
∗ · ωα,η · U〉
= 〈(1⊗ U)Γ̂′(ρ(f ◦R))(1 ⊗ U∗), ωξ,β ⊗ ωα,η〉.
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The seventh equality above follows from the right multiplier version of (15), which can be deduced
from the proof of [35, Theorem 4.7]. It follows that (1⊗U)Γ̂′(ρ(f ◦R))(1⊗U∗) =
∑
iR(Wi)⊗W
∗
i
weak* in L∞(G)⊗L∞(G). Noting that U = U∗, by Propopsition 4.11 we have
〈R ◦ Φ′ ◦R
(∑
i
Wiξη
∗W ∗i
)
α, β〉 =
∑
i
〈(R(Wi)⊗W
∗
i )Γ(x), ωĴβ,Ĵξ ⊗ ωα,η〉
= 〈(1 ⊗ U∗)Γ̂′(ρ(f ◦R))(1 ⊗ U)Γ(x), ω
Ĵβ,Ĵξ
⊗ ωα,η〉
= 〈Γ(x)(1 ⊗ U∗)Γ̂′(ρ(f ◦R))(1⊗ U), ωĴβ,Ĵξ ⊗ ωα,η〉
=
∑
i
〈Γ(x)(R(Wi)⊗W
∗
i ), ωĴβ,Ĵξ ⊗ ωα,η〉
=
∑
i
〈Γ(x), R(Wi) · ωĴβ,Ĵξ ⊗W
∗
i · ωα,η〉
=
∑
i
〈Γ(x), ωξ,W ∗i β ◦R⊗ ωW ∗i α,η〉
=
∑
i
〈Σ(id ⊗R)Γ(x), ω
Ĵη,ĴW ∗i α
⊗ ω
ĴW ∗i β,Ĵξ
〉
=
∑
i
〈Φ′(Ĵηξ∗Ĵ), ĴW ∗i β, ĴW
∗
i α〉
=
∑
i
〈R ◦Φ′ ◦R(ξη∗)W ∗i α,W
∗
i β〉
=
∑
i
〈Wi(R ◦ Φ
′ ◦R(ξη∗))W ∗i α, β〉.
Hence,
[R ◦Φ′ ◦R,Ad(U∗) ◦Θr(ρ(f)) ◦Ad(U)] = 0
for f = ωζ |L∞(G), ζ ∈ L
2(G). By polarization, and the fact that L∞(G) is standardly represented
on L2(G), we have
[R ◦Φ′ ◦R,Ad(U∗) ◦Θr(ρ(f)) ◦Ad(U)] = 0
for all f ∈ L1(G). By Lemma 4.9, G is co-amenable, so that L1(G) is weak* dense inM rcb(L
1(G)) =
M(G) [35, Theorem 4.2]. By weak* continuity of Θr [21, Theorem 6.1], it follows that
[R ◦Φ′ ◦R,Ad(U∗) ◦Θr(bˆ′) ◦Ad(U)] = 0
for all bˆ′ ∈M rcb(L
1(G)). By Theorem 4.10 we have
R̂ ◦ Φ′ ◦ R̂ = Ad(U) ◦R ◦Φ′ ◦R ◦ Ad(U∗) ∈ Θ̂r(M rcb(L
1(Ĝ))).
Let b′ ∈ M rcb(L
1(Ĝ)) satisfy Θ̂r(b′) = R̂ ◦ Φ′ ◦ R̂. Then by [35, Theorem 4.9] Φ′ = Θ̂l(R̂(b′)), in
which case the analogue of (15) implies x = R̂(b′) ∈ M lcb(L
1(Ĝ)) = M lcb(L
1(Ĝ′)), and, at last,
Γ :M lcb(L
1(Ĝ′))→ Γ2,r
L1(G)
(L1(G), L∞(G)) is surjective.
To conclude, if [Φij] ∈Mn(Γ
2,r
L1(G)
(L1(G), L∞(G))), then each Φij = Γ(xij) ∈ L
∞(G)⊗w
∗hL∞(G).
It follows from above that each xij ∈M
l
cb(L
1(Ĝ′)). Moreover,
‖[xij ]‖Mn(M lcb(L1(Ĝ′)))
= ‖[(R ⊗ id)Γ(xij)]‖Mn(L∞(G)⊗w∗hL∞(G))
≤ deg(Ĝ)‖[Γ(xij)]‖Mn(L∞(G)⊗w∗hL∞(G))
= deg(Ĝ)‖[Φij ]‖Mn(Γ2,r
L1(G)
(L1(G),L∞(G))).
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If (bi) is a bounded net inM
l
cb(L
1(Ĝ′))) converging weak* to b, then by [21, Theorem 6.1] Θ̂′
l
(bi)→
Θ̂′
l
(b) weak*, that is, (R ⊗ id)Γ(bi) → (R ⊗ id)Γ(b) weak* in L
∞(G) ⊗w
∗h L∞(G). By weak*
continuity of (R⊗id), we have Γ(bi)→ Γ(b) weak* in L
∞(G)⊗w
∗hL∞(G). Thus, Γ :M lcb(L
1(Ĝ′)))→
Γ2,r
L1(G)
(L1(G), L∞(G)) is a weak*-weak* homeomorphic completely bounded isomorphism. 
Remark 4.13. If G is a locally compact group, then the dual of Ga = L
∞(G) has bounded degree
with deg(Ĝa) = deg(Gs) = 1, so Theorem 4.12 implies that
Γ2,r
L1(G)
(L1(G), L∞(G)) ∼=McbA(G)
completely isometrically. We therefore obtain a new proof of Gilbert’s original representation
theorem, revealing the link between its completely isometric nature and the bounded degree of Gs.
5. Completely Integral and Completely 1-Summing Multipliers
Let G be a locally compact group. Since L1(G) is a max operator space, it follows from the
classical Grothendieck inequality that a bounded linear map L1(G) → L∞(G) is integral if and
only if it factors through a Hilbert space (see [53, (3.11)], together with [7, (1.47),(A.7)]). Using
this fact along with work work of Gilbert [30], it was shown in [56, Proposition 5.1] that the integral
L1(G)-module maps from L1(G) to L∞(G) are precisely the completely bounded multipliers of the
Fourier algebra. Specifically,
IL1(G)(L
1(G), L∞(G)) ∼=McbA(G)
isomorphically, with ‖u‖cb ≤ I(u) ≤ K‖u‖cb, where K is Grothendieck’s constant. We now es-
tablish this equivalence for quantum groups whose dual is either QSIN or has bounded degree.
Our techniques allow us to simultaneously characterize the completely 1-summing module maps
L1(G)→ L∞(G).
Lemma 5.1. Let G be a locally compact quantum group whose dual Ĝ has trivial scaling group.
For every µˆ′ ∈M(Ĝ′), there exist families (ai), (bi) in L
∞(G) such that
Γ(ρ∗(µˆ
′)) =
∑
i
ai ⊗ bi,
∑
i
aia
∗
i ,
∑
i
a∗i ai,
∑
i
bib
∗
i
∑
i
b∗i bi <∞.
In particular, Γ(ρ∗(µˆ
′)),ΣΓ(ρ∗(µˆ
′)) ∈ L∞(G)⊗w
∗h L∞(G).
Proof. First, recall from the proof of Theorem 4.1 that Γ(ρ∗(µˆ
′)) = (mh)
∗(µˆ′) ∈ L∞(G)⊗w
∗hL∞(G).
Next, observe that
Γ(ρ∗(µˆ
′)) = Γ((µˆ′ ⊗ id)(V )) = (µˆ′ ⊗ id⊗ id)(id ⊗ Γ)(V ) = (µˆ′ ⊗ id⊗ id)(V12V13).
From this, one can easily deduce that the normal L∞(G)′-bimodule map Θ′(µˆ′) on B(L2(G)) cor-
responding to Γ(ρ∗(µˆ
′)) is given by
Θ′(µˆ′)(T ) = (id⊗ µˆ′)(σV σ)(T ⊗ 1)(σV σ), T ∈ B(L2(G)).
Write µˆ′ = ωξ,η ◦ π for some representation π : C0(Ĝ
′) → B(H), and ξ, η ∈ H. Then, with
Uµˆ′ := (id⊗π)(σV σ), we may resolve the identity 1 ∈ B(H) via an orthonormal basis (ei) to obtain
the following Kraus decomposition
Θ′(µˆ′)(T ) =
∑
i
aiTbi, T ∈ B(L
2(G)),
where ai = (id⊗ωei,η)(Uµˆ′) and bi = (id⊗ωξ,ei)(Uµˆ′) belong to L
∞(G) and satisfy
∑
i aia
∗
i ,
∑
i b
∗
i bi <
∞.
Since Ĝ has trivial scaling group, M(Ĝ′) is an involutive Banach algebra, where νˆ ′o = νˆ ′∗ ◦ Rˆ.
In particular,
(νˆ ′ ◦ Rˆ⊗ id)(V ) = (νˆ ′ ⊗ id)(V ∗), νˆ ′ ∈M(Ĝ′).
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Fix a conjugate linear involution Jµ̂′ on H, and define Rµˆ′ : B(H) ∋ A 7→ Jµˆ′A
∗Jµˆ′ ∈ B(H). It
follows that µˆ′o = ωη,ξ ◦π ◦ Rˆ = ωJµˆ′ξ,Jµˆ′η ◦Rµˆ′ ◦π ◦ Rˆ. As above, Γ(ρ∗(µˆ
′o)) ∈ L∞(G)⊗w
∗h L∞(G)
is represented by the map
Θ′(µˆ′o)(T ) = (id⊗ µˆ′o)(σV σ)(T ⊗ 1)(σV σ) = (id⊗ ωJµˆ′ξ,Jµˆ′η)(Uµˆ′o(T ⊗ 1)(Uµˆ′o), T ∈ B(L
2(G)),
where Uµˆ′o = (id ⊗ Rµˆ′ ◦ π ◦ Rˆ)(σV σ) is unitary. Resolving the identity 1 ∈ B(H) with respect to
the orthonormal basis (Jµˆ′ei), it follows that
Θ′(µˆ′o)(T ) =
∑
i
xiTyi, T ∈ B(L
2(G)),
where xi = (id⊗ωJµˆ′ei,Jµˆ′η)(Uµˆ′o) and yi = (id⊗ωJµˆ′ξ,Jµˆ′ei)(U0) satisfy
∑
i xix
∗
i ,
∑
i y
∗
i yi <∞. But
xi = (id⊗ ωJµˆ′ei,Jµˆ′η)(Uµˆ′o) = (id ⊗ ωη,ei ◦ π ◦ Rˆ)(σV σ) = (ωη,ei ◦ π ⊗ id)(V
∗) = a∗i .
Similarly, yi = b
∗
i . Thus,
∑
i a
∗
i ai,
∑
i bib
∗
i <∞. In particular,∑
i
bi ⊗ ai = ΣΓ(ρ∗(µˆ
′)) ∈ L∞(G)⊗w
∗h L∞(G).

Theorem 5.2. Let G be a locally compact quantum group for which Ĝ is QSIN and has trivial
scaling group. Then
IL1(G)(L
1(G), L∞(G)) ∼=M(Ĝ′)
isomorphically and weak*-weak* homeomorphically, with
‖µˆ′‖ ≤ ι(µˆ′) ≤ 2‖µˆ′‖, µˆ′ ∈M(Ĝ′).
Proof. Given µˆ′ ∈M(Ĝ′), by Lemma 5.1 there exist families (ai), (bi) in L
∞(G) such that
Γ(ρ∗(µˆ
′)) =
∑
i
ai ⊗ bi,
∑
i
aia
∗
i ,
∑
i
a∗i ai,
∑
i
bib
∗
i
∑
i
b∗i bi <∞.
More precisely, taking a representation µˆ′ = ωξ,η ◦ π for some π : C0(Ĝ
′) → B(H), and ξ, η ∈ H,
we can take ai = (id ⊗ ωei,η)(Uµˆ′) and bi = (id ⊗ ωξ,ei)(Uµˆ′), where Uµˆ′ = (id ⊗ π)(σV σ). Hence,
for every β ∈ L2(G),∑
i
〈aia
∗
i β, β〉 =
∑
i
〈(id⊗ ωei,η)(Uµˆ′)
∗β, (id ⊗ ωei,η)(Uµˆ′)
∗β〉
=
∑
i
〈Uµˆ′(1⊗ eie
∗
i )U
∗
µˆ′β ⊗ η, β ⊗ η〉 = ‖β‖
2‖η‖2.
Similarly, adopting the same notion as above,∑
i
〈a∗i aiβ, β〉 =
∑
i
〈(id ⊗ ωJµˆ′ei,Jµˆ′η)(Uµˆ′o)
∗β, (id ⊗ ωJµˆ′ei,Jµˆ′η)(Uµˆ′o)
∗β〉
=
∑
i
〈Uµˆ′o(1⊗ Jµˆ′eie
∗
i Jµˆ′)U
∗
µˆ′oβ ⊗ Jµˆ′η, β ⊗ Jµˆ′η〉 = ‖β‖
2‖η‖2.
It follows that ‖
∑
i aia
∗
i ‖ = ‖
∑
i a
∗
i a
∗
i ‖ = ‖η‖
2. Analogously, one deduces that ‖
∑
i b
∗
i bi‖ =
‖
∑
i bib
∗
i ‖ = ‖ξ‖
2.
Now, let f be a finite-rank tensor in L1(G) ⊗∨ L1(G) →֒ (L∞(G)⊗̂L∞(G))∗. By the non-
commutative Grothendieck inequality [34, 54], there exist states ϕ1, ϕ2, ψ1, ψ2 ∈ L
∞(G)∗ such that
〈f, a⊗ b〉 ≤ ‖f‖L1(G)⊗∨L1(G)(ϕ1(aa
∗)1/2ψ1(b
∗b)1/2 + ϕ2(a
∗a)1/2ψ2(bb
∗)1/2)
for all a, b ∈ L∞(G). Note that for any state ϕ ∈ L∞(G)∗, the net of finite sums
∑
i∈F ϕ(aia
∗
i )
is increasing and bounded by ϕ(
∑
i aia
∗
i ) ≤ ‖
∑
i aia
∗
i ‖. Thus,
∑
i ϕ(aia
∗
i ) ≤ ‖
∑
i aia
∗
i ‖. Putting
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things together, we have
|〈Γ(ρ∗(µˆ
′)), f〉| ≤
∑
i
|〈f, ai ⊗ bi〉|
≤
∑
i
‖f‖L1(G)⊗∨L1(G)(ϕ1(aia
∗
i )
1/2ψ1(b
∗
i bi)
1/2 + ϕ2(a
∗
i ai)
1/2ψ2(bib
∗
i )
1/2)
≤ ‖f‖L1(G)⊗∨L1(G)
((∑
i
ϕ1(aia
∗
i )
)1/2(∑
i
ψ1(b
∗
i bi)
)1/2
+
(∑
i
ϕ2(a
∗
i ai)
)1/2(∑
i
ψ2(bib
∗
i )
)1/2)
≤ ‖f‖L1(G)⊗∨L1(G)
(
‖
∑
i
aia
∗
i ‖
1/2‖
∑
i
b∗i bi‖
1/2 + ‖
∑
i
a∗i ai‖
1/2‖
∑
i
bib
∗
i ‖
1/2
)
= 2‖f‖L1(G)⊗∨L1(G)‖ξ‖‖η‖.
Since the representation µˆ′ = ωξ,η ◦ π was arbitrary, it follows that
|〈Γ(ρ∗(µˆ
′)), f〉| ≤ 2‖f‖L1(G)⊗∨L1(G) inf{‖ξ‖‖η‖ | µˆ
′ = ωξ,η ◦ π} = 2‖f‖L1(G)⊗∨L1(G)‖µˆ
′‖.
Since L1(G) is the predual of a von Neumann algebra it is locally reflexive [25], so
I(L1(G), L∞(G)) ∼= (L1(G)⊗∨ L1(G))∗,
completely isometrically by [27, Theorem 14.3.1]. It follows that
Γ ◦ ρ∗ :M(Ĝ
′)→ IL1(G)(L
1(G), L∞(G))
is bounded by 2. Conversely, given Φ ∈ IL1(G)(L
1(G), L∞(G)), we have Φ ∈ Γ2,r
L1(G)
(L1(G), L∞(G))
so that Φ = Γ(ρ∗(µˆ
′)) for some measure µˆ′ ∈ M(Ĝ′), with ‖µˆ′‖ = γ2,r(Γ(ρ∗(µˆ
′))) ≤ ι(Φ), by
Theorem 4.1.
Finally, since Γ ◦ ρ∗ : M(Ĝ
′) → Γ2,r
L1(G)
(L1(G), L∞(G)) is weak*-weak* continuous, if (µˆ′i) is a
bounded net converging weak* to zero, then for any finite-rank tensor f ∈ L1(G)⊗∨L1(G) we have
〈Γ(ρ∗(µˆ
′
i)), f〉 → 0. Since (Γ(ρ∗(µˆ
′
i))) is bounded in the completely integral norm, it follows that
〈Γ(ρ∗(µˆ
′
i)), f〉 → 0 for any f ∈ L
1(G)⊗∨ L1(G). 
Combining Theorems 4.1 and 5.2, together with the relations (6) we obtain:
Corollary 5.3. Let G be a locally compact quantum group for which Ĝ is QSIN and has trivial
scaling group. Then
L1(G)⊗∨L1(G) L
1(G) ∼= L1(G)⊗
∨/
L1(G)
L1(G) ∼= L1(G)⊗hL1(G) L
1(G)
isomorphically. In particular,
IL1(G)(L
1(G), L∞(G)) = Π1L1(G)(L
1(G), L∞(G)) = Γ2,r
L1(G)
(L1(G), L∞(G))
set-theoretically, with
γ2,r(Φ) ≤ π1(Φ) ≤ ι(Φ) ≤ 2γ2,r(Φ), Φ ∈ CBL1(G)(L
1(G), L∞(G)).
Similar techniques lead to a version of Theorem 5.2 for quantum groups with bounded degree.
Theorem 5.4. Let G be a Kac algebra such that Ĝ has bounded degree. Then
IL1(G)(L
1(G), L∞(G)) ∼=M lcb(L
1(Ĝ′))
isomorphically and weak*-weak* homeomorphically, with
deg(Ĝ)−1‖b‖
M l
cb
(L1(Ĝ′))
≤ ι(b) ≤ deg(Ĝ)(1 + deg(Ĝ)2)‖b‖
M l
cb
(L1(Ĝ′))
, b ∈M lcb(L
1(Ĝ′)).
Proof. Let b ∈M lcb(L
1(Ĝ′)). As in the proof of Theorem 4.12, (R⊗ id)Γ(b) ∈ L∞(G)⊗w
∗h L∞(G)
corresponds to Θ̂′
l
(b) ∈ CBσL∞(G)′(B(L
2(G))). By complete boundedness of (R ⊗ id), we have
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Γ(b) ∈ L∞(G)⊗w
∗h L∞(G). Pick a norm attaining representation
Γ(b) =
∑
i
ai ⊗ bi, ‖Γ(b)‖L∞(G)⊗w∗hL∞(G) = ‖
∑
i
aia
∗
i ‖
1/2‖
∑
i
b∗i bi‖
1/2.
By subhomogeneity, it follows that
‖
∑
i
a∗i ai‖
1/2‖
∑
i
bib
∗
i ‖
1/2 ≤ deg(Ĝ)2‖
∑
i
aia
∗
i ‖
1/2‖
∑
i
b∗i bi‖
1/2 = deg(Ĝ)2‖Γ(b)‖L∞(G)⊗w∗hL∞(G)
(see the proof of [1, Proposition 5.1]). Let f be a finite-rank tensor in L1(G) ⊗∨ L1(G) →֒
(L∞(G)⊗̂L∞(G))∗. Following the proof of Theorem 5.2, the non-commutative Grothendieck in-
equality implies
|〈Γ(b), f〉| ≤
∑
i
|〈f, ai ⊗ bi〉|
≤ ‖f‖L1(G)⊗∨L1(G)
(
‖
∑
i
aia
∗
i ‖
1/2‖
∑
i
b∗i bi‖
1/2 + ‖
∑
i
a∗i ai‖
1/2‖
∑
i
bib
∗
i ‖
1/2
)
= ‖f‖L1(G)⊗∨L1(G)
(
‖Γ(b)‖L∞(G)⊗w∗hL∞(G) + ‖
∑
i
a∗i ai‖
1/2‖
∑
i
bib
∗
i ‖
1/2
)
≤ ‖f‖L1(G)⊗∨L1(G)(‖Γ(b)‖L∞(G)⊗w∗hL∞(G) + deg(Ĝ)
2‖Γ(b)‖L∞(G)⊗w∗hL∞(G))
≤ ‖f‖L1(G)⊗∨L1(G)deg(Ĝ)(1 + deg(Ĝ)
2)‖b‖
M l
cb
(L1(Ĝ′))
.
By local reflexivity of L1(G), it follows as above that Γ : M lcb(L
1(Ĝ′)) → IL1(G)(L
1(G), L∞(G)) is
bounded by deg(Ĝ)(1 + deg(Ĝ)2).
Conversely, if Φ ∈ IL1(G)(L
1(G), L∞(G)), then Φ = Γ(x) for some x ∈ L∞(G) and γ2,r(Γ(x)) ≤
ι(Γ(x)) <∞. Thus, by Theorem 4.12, x = b ∈M lcb(L
1(Ĝ′)) and
deg(Ĝ)−1‖b‖
M l
cb
(L1(Ĝ′))
≤ γ2,r(b) ≤ ι(b).
Weak*-homeomorphicity follows verbatim from the proof of Theorem 5.2.

Corollary 5.5. Let G be a Kac algebra such that Ĝ has bounded degree. Then
L1(G)⊗∨L1(G) L
1(G) ∼= L1(G)⊗
∨/
L1(G)
L1(G) ∼= L1(G)⊗hL1(G) L
1(G)
isomorphically. In particular,
IL1(G)(L
1(G), L∞(G)) = Π1L1(G)(L
1(G), L∞(G)) = Γ2,r
L1(G)
(L1(G), L∞(G))
set-theoretically, with
γ2,r(Φ) ≤ π1(Φ) ≤ ι(Φ) ≤ deg(Ĝ)2(1 + deg(Ĝ)2)γ2,r(Φ),
for Φ ∈ CBL1(G)(L
1(G), L∞(G)).
6. Completely Nuclear Multipliers and the Quantum Bohr Compactification
Answering a question of Crombez and Govaerts [16], Racher has shown that for any locally
compact group G, the nuclear L1(G)-module maps from L1(G) to L∞(G) are precisely convolution
with almost periodic elements of the Fourier–Stieltjes algebra [56, Theorem], specifically,
(17) NL1(G)(L
1(G), L∞(G)) ∼= B(G) ∩AP (G),
with ‖u‖B(G) ≤ N(u) ≤ K‖u‖B(G), where K is Grothendieck’s constant. Since B(G) ∩ AP (G) =
A(bG), where bG is the Bohr compactification of G [60, Proposition 2.1], it is natural to pursue
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a quantum group version of (17) in connection with the quantum Bohr compactification [66]. We
now establish this connection for the two classes of quantum groups considered above.
In [66], So ltan introduced a quantization of the Bohr compactification valid for general locally
compact quantum groups G. This assignment associates to any G a compact quantum group bG
and a quantum group morphism G→ bG, meaning a (multiplier) non-degenerate ∗-homomorphism
π : Cu(bG) → M(Cu(G)) intertwining the co-products, such that any quantum group morphism
G → H into a compact quantum group H factors through bG [66, Theorem 3.1] (see also [22,
Proposition 3.4]). The image APu(G) := π(Cu(bG)), denoted AP(Cu(G)) in [22], is the norm
closure of matrix coefficients of admissible finite-dimensional unitary co-representations of G. In
what follows the quantum Bohr compactification bG will always refer to the abstract compact
quantum group and not the realization insideM(Cu(G)). We let AP(G), as opposed to AP(C0(G)),
denote the norm closure of coefficients of admissible finite-dimensional unitary co-representations
of G inside M(C0(G)). For details we refer the reader to [22, 66].
The proof of the main result in this section combines techniques used in previous sections together
with ideas from [22, 18]. In particular, we make heavy use of the quantum Eberlein compactification,
defined and explored in [18]. We summarize a few properties we require, referring the reader to
[18] for details.
Given a locally compact quantum group G, its quantum Eberlien compactification E(G) is the
unital C∗-algebra given by the norm closure of {(µˆ′ ⊗ id)(VG) | µˆ′ ∈ Cu(Ĝ
′)∗} in M(Cu(G)) [18,
§7], where VG ∈ M(Cu(Ĝ
′) ⊗∨ Cu(G)) is the bi-universal right fundamental unitary of G. Then
Cu(G) ⊆ E(G) ⊆ M(Cu(G)) and the restriction of the (strictly continuous extension of the)
universal co-product satisfies Γu|E(G) : E(G) → E(G)
∗∗⊗E(G)∗∗. This in turn yields a Banach
algebra structure on E(G)∗ along with an E(G)∗-module structure on E(G). By [18, Theorem 4.7,
Remark 4.8], E(G) has a unique right invariant mean, that is, a state M ∈ E(G)∗ satisfying
〈M,µ ⋆ x〉 = 〈M,x〉〈µ, 1〉, x ∈ E(G), µ ∈ E(G)∗.
Such a state is automatically left invariant and is the unique (two-sided) invariant mean (see [18,
Remark 4.8, Theorem 5.3]). Given x ∈ Cu(G), and µ ∈ E(G)
∗, it follows from (the right version
of) [42, §6] that
ΛG(µ ⋆ x) = ΛG((id⊗ µ)Γu(x)) = (id⊗ µ)(ΛG ⊗ id)(Γu(x)) = (id⊗ µ)(V(ΛG(x)⊗ 1)V
∗)
= (µ|Cu(G)) ⋆ ΛG(x),
where V ∈ M(C0(Ĝ
′) ⊗∨ Cu(G)) is the right universal lift of V , i.e., (id ⊗ ΛG)(V) = V . By
strict density of Cu(G) in E(G) and strict continuity of the module structure, it follows that
ΛG(µ ⋆ x) = (µ|Cu(G)) ⋆ ΛG(x) for all x ∈ E(G) and µ ∈ E(G)
∗.
When G is a Kac algebra, the unique invariant mean M on E(G) is a trace [18, Proposition 7.5].
In that case E0(G) := {x ∈ E(G) | M(x
∗x) = 0} is a closed two-sided ideal in E(G) and there is
an exact sequence of C∗-algebras
0→ E0(G) →֒ E(G)։ C(bG)→ 0.
If U ∈ M(K(H) ⊗∨ Cu(G)) is a unitary co-representation of G, a vector ξ ∈ H is said to be
compact if (ωξ,η ⊗ id)(U) ∈ π(Cu(bG)) for all η ∈ H [18, Definition 6.3]. The collection of compact
vectors forms a closed subspace Hc of H. When G is a Kac algebra, U decomposes as U = Uc⊕U0
with respect to the decomposition H = Hc ⊕H
⊥
c and (ωξ,η ⊗ id)(U0) ∈ E0(G) for all ξ, η ∈ H [18,
Theorem 7.3].
Recall that the measure algebra M(G) of a locally compact group G decomposes as M(G) =
ℓ1(Gd)⊕1Mc(G), where ℓ
1(Gd) and Mc(G) are the discrete and continuous measures, respectively.
Dually, it was shown in [60, Theorem 2.3] that B(G) = AF (G) ⊕1 AF (G)
⊥, where AF (G) is
the closed linear span of coefficient functions of finite-dimensional unitary representations of G.
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By [60, Proposition 2.1], AF (G) = B(G) ∩ AP (G) ∼= A(bG), the Fourier algebra of the Bohr
compactification of G. We now establish a corresponding result for general quantum groups.
Lemma 6.1. Let G be a locally compact quantum group and let bG be the Bohr compactification
of G. Then there exists a completely isometric, unital homomorphism ℓ1(b̂G
′
) →֒ Cu(Ĝ
′)∗ onto a
completely complemented subalgebra of Cu(Ĝ
′)∗. In particular, Cu(Ĝ
′)∗ ∼= ℓ1(b̂G
′
)⊕1 ℓ
1(b̂G
′
)⊥.
Proof. The canonical morphism G → bG is implemented by a (multiplier) non-degenerate ∗-
homomorphism π : Cu(bG) → M(Cu(G)), with corresponding bicharacter U
bG ∈ M(c0(b̂G
′
) ⊗∨
C0(G)) satisfying
(Γ
b̂G
′ ⊗ id)(U bG) = U bG23 U
bG
13 , (id ⊗ ΓG)(U
bG) = U bG12 U
bG
13 .
The dual morphism π̂′ : Cu(Ĝ
′) → M(c0(b̂G
′
)) = ℓ∞(b̂G
′
) is a non-degenerate ∗-homomorphism
satisfying
(πˆ′ ⊗ πˆ′) ◦ Γu
Ĝ′
= Γ
b̂G
′ ◦ πˆ′,
and is related to π through the formula
(18) (id ⊗ (ΛG ◦ π))(V
bG) = U bG = (πˆ′ ⊗ ΛG)(V
G),
The co-product Γu
Ĝ′
: Cu(Ĝ
′)→M(Cu(Ĝ
′)⊗∨ Cu(Ĝ
′)) canonically extends to a normal co-product
Γu
Ĝ′
: Cu(Ĝ
′)∗∗ → Cu(Ĝ
′)∗∗⊗Cu(Ĝ
′))∗∗ satisfying Γu
Ĝ′
= (m
Cu(Ĝ′)∗
)∗, where
m
Cu(Ĝ′)∗
: Cu(Ĝ
′)∗⊗̂Cu(Ĝ
′)∗ → Cu(Ĝ
′)∗
is the multiplication on Cu(Ĝ
′)∗. It follows that the normal cover ˜ˆπ′ : Cu(Ĝ′)∗∗ ։ ℓ∞(b̂G′) of πˆ′ is
a normal surjective ∗-homomorphism intertwining the lifted co-product on Cu(Ĝ
′)∗∗. Thus,
i := ( ˜ˆπ′)∗ : ℓ1(b̂G′) →֒ Cu(Ĝ′)∗
is a completely isometric homomorphism. Moreover, if e denotes the unit of ℓ1(b̂G
′
) and ρu :
L1∗(G)→ Cu(Ĝ
′) is the canonical map, then
〈i(e), ρu(f)〉 = 〈i(e), (id ⊗ f)((id⊗ ΛG)(V
G))〉 = 〈e⊗ f, (πˆ′ ⊗ ΛG)(V
G)〉
= 〈e⊗ f, U bG〉 = 〈f, (e⊗ id)(U bG)〉 = 〈f, 1〉
= 〈εu, ρu(f)〉
for all f ∈ L1∗(G). Hence, i(e) = εu, the unit of Cu(Ĝ
′)∗.
Now, Ker( ˜ˆπ′) = (1 − z)Cu(Ĝ′)∗∗ for a central projection z ∈ Cu(Ĝ′)∗∗. Hence, z · Cu(Ĝ′)∗∗ ∼=
ℓ∞(b̂G
′
), and it follows that Im(i) = z ·Cu(Ĝ
′)∗ is a completely contractively complemented subal-
gebra of Cu(Ĝ
′)∗.

It is well-known that a quantum group G is compact if and only if Ĝ is discrete, and in that
case, ℓ1(Ĝ) ∼=
⊕
1{Tnα(C) | α ∈ Irr(G)}, where Tnα(C) is the space of nα×nα trace class operators,
and Irr(G) denotes the set of (equivalence classes of) irreducible co-representations of the compact
quantum group G [75].
Theorem 6.2. Let G be a locally compact quantum group for which Ĝ is a QSIN Kac algebra.
Then
NL1(G)(L
1(G), L∞(G)) ∼= ℓ1(b̂G
′
)
isomorphically, with ‖fˆ ′‖ ≤ ν(fˆ ′) ≤ 2‖fˆ ′‖, for all fˆ ′ ∈ ℓ1(b̂G
′
).
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Proof. Throughout the proof we adopt the notation from Lemma 6.1 without comment. Viewing
U bG ∈ ℓ∞(b̂G
′
)⊗L∞(G) ∼=
∏
α∈Irr(bG)Mnα(L
∞(G)), we may write U bG =
∑
α U
α, where each
Uα = [uαij ] is a unitary in Mnα(L
∞(G)). Let fˆ ′ ∈ ℓ1(b̂G
′
) ∼=
⊕
α Tnα be finitely supported. Then,
Γ(ρ∗(i(fˆ
′))) = Γ((i(fˆ ′)⊗ id)(V )) = Γ((fˆ ′ ⊗ id)(U bG)) =
∑
α
(fˆ ′α ⊗ id)((id ⊗ Γ)(U
α)),
where for each α ∈ Irr(bG),
(id⊗ Γ)(Uα) = [Γ(uαij)] =
[ nα∑
k=1
uαik ⊗ u
α
kj
]
∈Mnα(L
∞(G)⊗ L∞(G)).
Thus,
‖Γ(ρ∗(i(fˆ
′)))‖h ≤
∑
α
‖fˆ ′α‖Tnα‖[Γ(u
α
ij)]‖h
≤
∑
α
‖fˆ ′α‖Tnα‖[u
α
ij ]‖
2
Mnα (L
∞(G))
≤
∑
α
‖fˆ ′α‖Tnα
= ‖fˆ ′‖1,
implying Γ(ρ∗(i(fˆ
′))) ∈ L∞(G)⊗h L∞(G).
Now, since G is a Kac algebra, it follows that bG is a compact Kac algebra (see the proof of
[18, Proposition 7.5]) . In particular, uαij = (u
α
ij)
∗ and Rˆ′(eαij) = e
α
ji, where α is the conjugate
co-representation to α, and eαij are the canonical matrix units in the decomposition ℓ
∞(b̂G
′
) ∼=∏
α∈Irr(bG)Mnα . For notational simplicity, let v
α
ij := u
α
ji. Then
Σ(Γ(ρ∗(i(fˆ
′)))) =
∑
α
nα∑
i,j=1
〈fˆ ′α, e
α
ij〉
( nα∑
k=1
uαkj ⊗ u
α
ik
)
=
∑
α
nα∑
i,j=1
〈fˆ ′α ◦ Rˆ
′, eαji〉
( nα∑
k=1
uαkj ⊗ u
α
ik
)
=
∑
α
nα∑
i,j=1
〈fˆ ′α ◦ Rˆ
′, eαij〉
( nα∑
k=1
uαki ⊗ u
α
jk
)
=
∑
α
nα∑
i,j=1
〈fˆ ′α ◦ Rˆ
′, eαij〉
( nα∑
k=1
vαik ⊗ v
α
kj
)
.
Thus,
‖Σ(Γ(ρ∗(i(fˆ
′))))‖h ≤
∑
α
‖fˆ ′α ◦ Rˆ
′‖Tnα ‖[
nα∑
k=1
vαik ⊗ v
α
kj]‖h
≤
∑
α
‖fˆ ′α ◦ Rˆ
′‖Tnα ‖[v
α
ij ]‖
2
Mnα (L
∞(G))
=
∑
α
‖fˆ ′α‖Tnα ‖[u
α
ij ]
∗‖2Mnα (L∞(G))
= ‖fˆ ′‖1,
implying Σ(Γ(ρ∗(i(fˆ
′)))) ∈ L∞(G)⊗h L∞(G).
28 MAHMOOD ALAGHMANDAN, JASON CRANN, AND MATTHIAS NEUFANG
By the non-commutative Grothendieck inequality [34, 54], it follows that
‖Γ(ρ∗(i(fˆ
′)))‖∧ ≤ 2max{‖Γ(ρ∗(i(fˆ
′)))‖h, ‖Σ(Γ(ρ∗(i(fˆ
′))))‖h} = 2‖fˆ
′‖1,
implying that the nuclear norm of the associated convolution map ν(ρ∗(i(fˆ
′))) ≤ 2‖fˆ ′‖1. Hence,
Γ ◦ ρ∗ ◦ i : ℓ
1(b̂G
′
)→ NL1(G)(L
1(G), L∞(G)) is bounded by 2.
Now, suppose that Ψ ∈ NL1(G)(L
1(G), L∞(G)). Then Ψ ∈ CBL1(G)(L
1(G), L∞(G)), so there
exists x ∈ L∞(G) such that Ψ = Γ(x). But then nuclearity implies the existence of X ∈
L∞(G)⊗̂L∞(G) for which
Φ∨(X) = Φh,∨(Φh(X)) = Γ(x) ∈ L
∞(G)⊗∨ L∞(G) ⊆ CB(L1(G), L∞(G)).
Since Φh(X) ∈ L
∞(G)⊗h L∞(G), it follows that Γ(x) ∈ L∞(G)⊗h L∞(G). By Theorem 4.1, there
exists (a unique) µˆ′0 ∈M(Ĝ
′) such that x = ρ∗(µˆ
′
0). Let A = ρ∗(M(Ĝ
′)). As the right fundamental
unitary V of L∞(G) lives in M(C0(Ĝ
′)⊗minK(L
2(G))), we may view it inside C0(Ĝ
′)∗∗⊗B(L2(G)).
Given m ∈ B(L2(G))∗, let c = (id⊗m)(V ) ∈ C0(Ĝ
′)∗∗. Then
(m⊗ id)Γ(x) = (m⊗ id)Γ(ρ∗(µˆ
′
0)) = (m⊗ id)(µ̂
′
0 ⊗ id⊗ id)(id ⊗ Γ
r)(V )
= (µˆ′0 ⊗ id)(id⊗m⊗ id)(V12V13) = (µˆ
′
0 ⊗ id)((c ⊗ 1)V )
= ρ∗(µˆ
′
0 · c),
where µˆ′0 · c is the canonical action of the von Neumann algebra C0(Ĝ
′)∗∗ on its predual M(Ĝ′).
Similarly, one can show that (id⊗m)Γ(x) = ρ∗(c · µˆ
′
0). Hence,
Γ(x) ∈ F(A,A;L∞(G)⊗h L∞(G)) = A⊗h A,
where the last equality follows from [65, Corollary 4.8].
Now, let (ξi) be a net of unit vectors in L
2(G) witnessing the QSIN property for Ĝ, and assume
as in Theorem 4.1 thatM = w∗− limi ωξi ∈ B(L
2(G))∗. Then property (ii) of Definition 3.1 implies
that M |L∞(G) is a right invariant mean, as
〈M,ωη ⋆ x〉 = lim
i
〈V (x⊗ 1)V ∗ξi ⊗ η, ξi ⊗ η〉 = lim
i
〈(x⊗ 1)ξi ⊗ η, ξi ⊗ η〉 = 〈M,x〉〈ωη , 1〉
for every η ∈ L2(G) and x ∈ L∞(G). Then M˜ := M ◦ ΛG ∈ M(Cu(G))
∗ yields a right invariant
mean on E(G) by restriction, as
〈M˜, µ⋆x〉 = 〈M, (µ|Cu(G))⋆ΛG(x)〉 = 〈M,f⋆(µ|Cu(G))⋆ΛG(x)〉 = 〈M,ΛG(x)〉〈f ⋆µ, 1〉 = 〈M˜ , x〉〈µ, 1〉
for all x ∈ E(G), µ ∈ E(G)∗ and states f ∈ L1(G). By [18, Theorem 5.3], M˜ |E(G) is the unique
(two-sided) invariant mean. Let (π
M˜
,H, ξ
M˜
) be its associated GNS construction. We show that
π
M˜
(ρu∗(µˆ
′)) = π
M˜
(ρu∗ (µˆ
′ · z)), µˆ′ ∈M(Ĝ′).
To this end, fix a positive µˆ′ ∈ M(Ĝ′) and let (πµˆ′ ,Hµˆ′ , ξµˆ′) be a cyclic GNS representation of µˆ
′.
Since Ĝ′ is co-amenable, C0(Ĝ
′) is the universal envelopping C∗-algebra of L1(G), so there exists a
unique unitary co-representation Uµˆ′ ∈M(K(Hµˆ′)⊗
∨ Cu(G)) for which
πµˆ′(ρ(f)) = (id⊗ f ◦ ΛG)(Uµˆ′), f ∈ L
1(G),
namely Uµˆ′ = (πµˆ′ ⊗ id)(V
G). By [18, Theorem 7.3], Uµˆ′ decomposes into Uµˆ′ = Uc ⊕ U0, with
respect to Hµˆ′ = Hc ⊕ H
⊥
c . At the level of ∗-homomorphisms, we see that πµˆ′ decomposes as
πµˆ′ = πc ⊕ π0. Moreover, πc is non-degenerate by [18, Corollary 6.8]. Also, by [18, Proposition
6.6, Proposition 6.7], there is a unitary co-representation Yc ∈ M(K(Hc) ⊗
∨ Cu(bG)) of L
1(bG)
such that (id ⊗ π)(Yc) = Uc. Let πbGc denote the ∗-homomorphism Cu(bG) → B(Hc) satisfying
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Yc = (π
bG
c ⊗ id)(V
bG). From the duality relation (18) we have
(πc ⊗ ΛG)(V
G) = (id ⊗ ΛG)(Uc) = (id⊗ ΛG ◦ π)(Yc)
= (πbGc ⊗ ΛG ◦ π)(V
bG) = (πbGc ◦ πˆ
′ ⊗ ΛG)(V
G).
By density of {(id⊗ f ◦ΛG)(V
G) | f ∈ L1(G)} in C0(Ĝ
′), it follows that πc = π
bG
c ◦ πˆ
′. Keeping the
same notation for the normal covers of the ∗-homomorphisms πc, π
bG
c and πˆ
′, it follows from non-
degeneracy that πc(z) = π
bG
c (πˆ
′(z)) = πbGc (1) = 1Hc = pc, where pc : Hµˆ′ → Hc is the orthogonal
projection. Whence,
πµˆ′(z) = πc(z) ⊕ π0(z) = pc ⊕ π0(z).
From this it follows that Uc = (πµˆ′(z)⊗ 1)Uc.
Finally, by [18, Theorem 7.3] we have π
M˜
((ω ⊗ id)(U0)) = 0 for all ω ∈ T (Hµˆ′). Putting things
together we see that
π
M˜
(ρu∗(µˆ
′)) = π
M˜
((µˆ′ ⊗ id)(VG))
= π
M˜
((ωξµˆ′ ⊗ id)(Uµˆ′))
= π
M˜
((ωξµˆ′ ⊗ id)(Uc) + (ωξµˆ′ ⊗ id)(U0))
= π
M˜
((ωξµˆ′ ⊗ id)(Uc))
= π
M˜
((ωξµˆ′ ⊗ id)((πµˆ′(z)⊗ 1)Uc))
= π
M˜
((ωξµˆ′ · πµˆ′(z)⊗ id)(Uc))
= π
M˜
((ωξµˆ′ · πµˆ′(z)⊗ id)(Uµˆ′))
= π
M˜
((ωξµˆ′ ⊗ id)((πµˆ′(z)⊗ 1)Uµˆ′))
= π
M˜
((ωξµˆ′ ◦ πµˆ′ ⊗ id)((z ⊗ 1)V
G))
= π
M˜
((µˆ′ ⊗ id)((z ⊗ 1)VG))
= π
M˜
(ρu∗ (µˆ
′ · z)).
By Jordan decomposition, it follows that π
M˜
(ρu∗(µˆ
′)) = π
M˜
(ρu∗ (µˆ
′ · z)) for all µˆ′ ∈M(Ĝ′).
We are now in position to quantize the argument from [22, Lemma 5.8]. By above, for any
µˆ′ ∈M(Ĝ′),
lim
i
‖ρ∗(µˆ
′)ξi − ρ∗(µˆ
′ · z)ξi‖
2
= lim
i
(
〈ρ∗(µˆ
′)ξi, ρ∗(µˆ
′)ξi〉 − 2Re〈ρ∗(µˆ
′)ξi, ρ∗(µˆ
′ · z)ξi〉+ 〈ρ∗(µˆ
′ · z)ξi, ρ∗(µˆ
′ · z)ξi〉
)
= 〈M,ρ∗(µˆ
′)∗ρ∗(µˆ
′)〉 − 2Re〈M,ρ∗(µˆ
′ · z)∗ρ∗(µˆ
′)〉+ 〈M,ρ∗(µˆ
′ · z)∗ρ∗(µˆ
′ · z)〉
= 〈M˜ , ρu∗(µˆ
′)∗ρu∗(µˆ
′)〉 − 2Re〈M˜ , ρu∗(µˆ
′ · z)∗ρu∗(µˆ
′)〉+ 〈M˜ , ρu∗(µˆ
′ · z)∗ρu∗(µˆ
′ · z)〉
= ‖π
M˜
(ρu∗ (µˆ
′))ξ
M˜
‖2 − 2Re〈π
M˜
(ρu∗(µˆ
′))ξ
M˜
, π
M˜
(ρu∗(µˆ
′ · z))ξ
M˜
〉+ ‖π
M˜
(ρu∗(µˆ
′ · z))ξ
M˜
‖2
= 0.
Let Φ : L∞(G)⊗L∞(G)→ L∞(G) denote the left inverse of Γ from the proof of Theorem 4.1. Then
for any µˆ′ ∈M(Ĝ′), x ∈ L∞(G), and f ∈ L1(G) we have
〈Φ(x⊗ ρ∗(µˆ
′)), f〉 = lim
i
〈U∗xUρ(f)ρ∗(µˆ
′)ξi, ξi〉
= lim
i
〈U∗xUρ(f)ρ∗(µˆ
′ · z)ξi, ξi〉
= 〈Φ(x⊗ ρ∗(µˆ
′ · z)), f〉.
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Moreover, if fˆ ′α ∈ Tnα ⊆ ℓ
1(b̂G
′
), then
〈Φ(x⊗ ρ∗(i(fˆ
′
α))), f〉 = 〈M ⊗ f, (U
∗xU ⊗ 1)Γ(ρ∗(i(fˆ
′
α)))〉
=
nα∑
i,j,k=1
〈fˆ ′α, e
α
ij〉〈M ⊗ f, (U
∗xU ⊗ 1)(uαik ⊗ u
α
kj)〉
=
nα∑
i,j,k=1
〈fˆ ′α, e
α
ij〉〈M,U
∗xUuαik〉〈f, u
α
kj〉
=
nα∑
i,j,k=1
〈fˆ ′α, e
α
ij〉〈M,U
∗xUuαik〉〈f, ρ∗(i(fˆ
′
kj))〉 (some fˆ
′
kj ∈ ℓ
1(b̂G
′
))
=
〈 nα∑
i,j,k=1
〈fˆ ′α, e
α
ij〉〈M,U
∗xUuαik〉ρ∗(i(fˆ
′
kj)), f
〉
.
Letting Φ˜ denote the corresponding map L∞(G)⊗w
∗hL∞(G)→M(Ĝ′) (see proof of Theorem 4.1),
it follows that
Φ˜(ρ∗(M(Ĝ
′))⊗ ρ∗(M(Ĝ
′))) = Φ˜(ρ∗(M(Ĝ
′))⊗ ρ∗(i(ℓ
1(b̂G
′
)))) ⊆ i(ℓ1(b̂G
′
)).
By continuity in the Haagerup norm Φ˜(A⊗h A) ⊆ i(ℓ1(b̂G
′
)), and we have
µˆ′0 = Φ˜(Γ(x)) ∈ Φ˜(A⊗
h A) ⊆ i(ℓ1(b̂G
′
)).
Letting fˆ ′0 ∈ ℓ
1(b̂G
′
) be the corresponding element, we have
ν(Ψ) = ν(Γ(ρ∗(i(fˆ
′
0)))) ≥ γ
2,r(Γ(ρ∗(i(fˆ
′
0)))) = ‖fˆ
′
0‖.

For a locally compact quantum group G, and x ∈ L∞(G), we let Lx : L
1(G) ∋ f 7→ x⋆f ∈ L∞(G).
Inspection of the proof of Theorem 6.2 yields the following.
Corollary 6.3. Let G be a Kac algebra for which Ĝ is QSIN. The following are equivalent for an
element x ∈ L∞(G):
(1) x ∈ ρ∗(i(ℓ
1(b̂G
′
)));
(2) Lx ∈ NL1(G)(L
1(G), L∞(G));
(3) Γ(x) ∈ L∞(G)⊗h L∞(G).
In particular, AP(G) = 〈{x ∈ L∞(G) | Γ(x) ∈ L∞(G)⊗h L∞(G)}〉.
Proof. The only claim which requires proof is the final one, but this follows readily from the fact
that AP(G) is the norm closure of ρ∗(i(ℓ
1(b̂G
′
))), since any finite-dimensional co-representation of
a Kac algebra is admissible [22, Corollary 4.17]. 
In the co-commutative setting, the quantum Bohr compactification of Gs = V N(G) is bGs = Gd,
the discretized group G. Also, ρ∗ : M(G) → V N(G) is nothing but λ, and AP(Gs) = C
∗
δ (G) =
λ(ℓ1(Gd)). Thus, we immediately obtain:
Corollary 6.4. Let G be a QSIN locally compact group. Then
NA(G)(A(G), V N(G)) ∼= ℓ
1(Gd)
isomorphically, with ‖f‖ ≤ ν(f) ≤ 2‖f‖, f ∈ ℓ1(Gd). Moreover, an element x ∈ V N(G) lies
in λ(ℓ1(Gd)) if and only if Γ(x) ∈ V N(G) ⊗
h V N(G), and C∗δ (G) = 〈{x ∈ V N(G) | Γ(x) ∈
V N(G) ⊗h V N(G)}〉.
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Remark 6.5. For a locally compact group G, it is well-known that the Bohr compactification bG of
G, or rather C(bG), is isomorphic to AP(G) – the set functions f ∈ Cb(G) which generate compact
L1(G)-module maps L1(G) → L∞(G) under convolution. As shown in [22, §4], this relationship
does not persist beyond commutative quantum groups. That is, one cannot recover the quantum
Bohr compactification by considering (completely) compact module maps L1(G)→ L∞(G). Indeed,
by [22, §4.1],[12, Proposition 3.1] and [57, Proposition 1], if G is any infinite tall compact group
with the mean-zero weak containment property (see [12, 57]) then the rank-one projection p ∈
V N(G) onto the constant functions in L2(G) defines a completely compact A(G)-module map, but
p /∈ C∗δ (G) = AP(Gs). For such G, V N(G) is injective so that
CKA(G)(A(G), V N(G)) = {x ∈ V N(G) | Γ(x) ∈ V N(G) ⊗
∨ V N(G)}
by [62, Theorem 2.4]. As G is also QSIN, by Corollary 6.3 we see that
{x ∈ V N(G) | Γ(x) ∈ V N(G) ⊗∨ V N(G)} 6= 〈{x ∈ V N(G) | Γ(x) ∈ V N(G)⊗h V N(G)}〉.
Theorem 6.2 shows, however, that for a large class of quantum groups one can recover the (dis-
crete dual of the) quantum Bohr compactification by considering completely nuclear module maps
L1(G)→ L∞(G), as opposed to completely compact ones.
Given a locally compact quantum group, we let
CAP(G) := {x ∈ L∞(G) | Lx ∈ CKL1(G)(L
1(G), L∞(G))}.
We always have AP(G) ⊆ CAP(G) [22, Proposition 4.9], but as remarked above, CAP(G) does not
identify with either the quantum Bohr compactification, nor the almost periodic elements, even in
the case of G = V N(G) for certain infinite tall compact groups G. Recall that G is tall if |Ĝn| <∞
for every n ∈ N, where Ĝn := {π ∈ Ĝ | dim(π) = n}. Note that V N(G) cannot be subhomogeneous
for an infinite tall compact group. We now show that in the presence of subhomogeneity, which is
automatic in the commutative case, CAP(G) does recover the quantum Bohr compactification.
Theorem 6.6. Let G be a Kac algebra such that Ĝ has bounded degree. Then CAP(G) = AP(G),
and CAP(G) is ∗-isomorphic to C(bG).
Proof. First, if x ∈ CAP(G), then as G is co-amenable (Lemma 4.9), it follows by compactness of Lx
that x lies in the norm closure of {x⋆f | f ∈ L1(G)}, so that x ∈ LUC(G) ⊆M(C0(G)) [61, Theorem
2.4], and therefore CAP(G) ⊆ M(C0(G)). The idea is to show that (CAP(G),Γ) is a compact
quantum group and then appeal to the universal property of the quantum Bohr compactification
to deduce that the inclusion CAP(G) ⊆ M(C0(G)) must factor through C(bG). For notation
simplicity we let A := CAP(G). Since A ⊆M(C0(G)), it follows that A is a subhomogeneous unital
C∗-algebra. Also, as L∞(G) is injective, we have A = {x ∈ L∞(G) | Γ(x) ∈ L∞(G) ⊗∨ L∞(G)}
[62, Theorem 2.4].
Let x ∈ A and m ∈ L∞(G)∗. As Γ(x) ∈ L∞(G)⊗∨ L∞(G), Lx is a cb-norm limit of finite rank
maps. Let Lm, Rm ∈ CB(L
∞(G)) be given by
Lm(y) = (id ⊗m)Γ(y), Rm(y) = (m⊗ id)Γ(y), y ∈ L
∞(G).
Then Lm is a right L
1(G)-module map so that
LLm(x)(f) = Lm(x) ⋆ f = Lm(x ⋆ f) = Lm(Lx(f)) = Lm ◦ Lm(f), f ∈ L
1(G).
Since Lx is a cb-norm limit of finite rank maps, it follows that Γ(Lm(x)) ∈ L
∞(G) ⊗∨ L∞(G).
Similarly, if Rx : L
1(G) ∋ f 7→ f ⋆ x→ L∞(G), then Rm(x) = R
∗
x(m) and so
LRm(x)(f) = R
∗
x(m) ⋆ f = R
∗
x(m ⋆ f) = R
∗
x(R
∗
m(f)) = R
∗
x ◦R
∗
m(f), f ∈ L
1(G).
As Γ(x) ∈ L∞(G)⊗∨L∞(G), Rx is also a cb-norm limit of finite rank maps, so that R
∗
x is completely
compact [62, Proposition 1.6]. Thus, Γ(Rm(x)) ∈ L
∞(G) ⊗∨ L∞(G). Since A and L∞(G) are
subhomogeneous C∗-algebras, they are nuclear, and therefore have the ⊗∨-slice map property with
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respect to subspaces of any operator space [27, Theorem 11.3.1]. Thus,
Γ(x) ∈ F(A,A;L∞(G)⊗∨ L∞(G)) = A⊗∨ A,
so that Γ|A : A→ A⊗
∨ A induces a co-product on A. We show that
〈(1⊗A)Γ(A)〉 = 〈(A⊗ 1)Γ(A)〉 = A⊗∨ A,
from which it follows that (A,Γ) is a compact quantum group in the sense of [66, 75].
Fix x ∈ A. Then Γ(x) ∈ A ⊗∨ A, and by complete boundedness of the unitary antipode R we
also have
((id ⊗R)⊗ Γ)(1⊗ ΣΓ(x)) ∈ (A⊗∨ A)⊗∨ (A⊗∨ A).
By [55, Theorem 4.6] and injectivity of ⊗∨, it follows that multiplication on a subhomogeneous
C∗-algebra is bounded in the injective norm. In particular, as A⊗∨ A is subhomogeneous,
mA⊗∨A(((id ⊗R)⊗ Γ)(1⊗ ΣΓ(x))) ∈ A⊗
∨ A.
We show that
mA⊗∨A(((id ⊗R)⊗ Γ)(1⊗ ΣΓ(x))) = x⊗ 1.
To this end, let
Tψ := {x ∈ Nψ ∩ N
∗
ψ | x is analytic with respect to σ
ψ and σψz (x) ∈ Nψ ∩ N
∗
ψ, for z ∈ C}
denote the (weak*-dense) Tomita ∗-algebra associated to the right Haar weight ψ, and let Aψ :=
〈T 2ψ 〉. Then for any x ∈ Aψ we have x·ψ,ψ ·x ∈ L
1(G), where x·ψ(y) = ψ(yx) and ψ ·x(y) = ψ(xy).
For instance, if a, b ∈ Tψ, then for all y ∈Mψ
ab · ψ(y) = ψ(yab) = ψ(σψi (b)ya) = 〈yΛψ(a),Λψ(σ
ψ
i (b)
∗)〉,
from which it follows that ab ·ψ extends to the normal linear functional ω
Λψ(a),Λψ(σ
ψ
i (b)
∗)
|L∞(G). By
weak*-density of Tψ it follows that Aψ is a weak*-dense ∗-subalgebra of L
∞(G).
By Kaplansky’s density theorem, pick a net (ei) in Aψ satisfying ‖ei‖L∞(G) ≤ 1 and ei → 1
strongly. Then Γ(ei)→ 1⊗ 1 weak*, and by separate weak* continuity of multiplication we have
mA⊗∨A(((id ⊗R)⊗ Γ)(1⊗ ΣΓ(x))) = mL∞(G)⊗∨L∞(G)(((id ⊗R)⊗ Γ)(1⊗ ΣΓ(x)))
= lim
i
mL∞(G)⊗∨L∞(G)(((id ⊗R)⊗ Γ)(1⊗ ΣΓ(x)) · (1⊗ 1⊗ Γ(ei)))
= lim
i
mL∞(G)⊗∨L∞(G)(((id ⊗R)⊗ Γ)(1⊗ Σ(Γ(x)(ei ⊗ 1)))),
where the limit is taken in the weak* topology of L∞(G)⊗L∞(G).
Let Γ(x) =
∑
n xn ⊗ yn ∈ A⊗
∨ A with each xn, yn ∈ A. Such a representation is possible by an
operator space version of [4, Proposition 3.23]. Then for each i,
∑
n xnei ⊗ yn ∈ L
∞(G)⊗∨ A and
mL∞(G)⊗∨L∞(G)(((id ⊗R)⊗ Γ)(1⊗ Σ(Γ(x)(ei ⊗ 1))))
=
∑
n
mL∞(G)⊗∨L∞(G)(((id ⊗R)⊗ Γ)(1⊗ yn ⊗ xnei))
=
∑
n
(1⊗R(yn))Γ(xnei)) ∈ L
∞(G)⊗∨ L∞(G).
Below we make use of the following identity [43, Proposition 5.24]
(19) R((ψ ⊗ id)((a∗ ⊗ 1)Γ(b))) = (ψ ⊗ id)(Γ(a∗)(b⊗ 1)), a, b ∈ Nψ.
Also, as ψ = ϕ◦R, and element a ∈ Mψ if and only if R(a) ∈ Mϕ and in that case ψ(a) = ϕ(R(a)).
Moreover, if a ∈ Aψ and b ∈ L
∞(G) then
(ψ · a) ◦R(b) = ψ(aR(b)) = ψ(R(bR(a))) = ϕ(bR(a)) = (R(a) · ϕ)(b).
Let a, b ∈ Aψ, so that ψ · a
∗, ψ · b ∈ L1(G). Then
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〈ψ · a∗ ⊗ ψ · b,
∑
n
(1⊗R(yn))Γ(xnei)〉 =
∑
n
(ψ · a∗ ⊗ ψ · b)((1 ⊗R(yn))Γ(xnei))
=
∑
n
(ψ · a∗ ⊗ ψ · (bR(yn)))(Γ(xnei))
=
∑
n
(ψ · (bR(yn)))((ψ ⊗ id)((a
∗ ⊗ 1)Γ(xnei)))
=
∑
n
(ψ · (bR(yn)))(R(ψ ⊗ id)(Γ(a
∗)(xnei ⊗ 1)))
=
∑
n
((ynR(b)) · ϕ)((ψ ⊗ id)(Γ(a
∗)(xnei ⊗ 1)))
=
∑
n
(ei · ψ ⊗R(b) · ϕ)(Γ(a
∗)(xn ⊗ yn))
= (ei · ψ ⊗R(b) · ϕ)(Γ(a
∗)Γ(x))
= (ei · ψ ⊗R(b) · ϕ)(Γ((x
∗a)∗))
= (R(b) · ϕ)((ψ ⊗ id)(Γ((x∗a)∗)(ei ⊗ 1)))
= (ψ · b)(R((ψ ⊗ id)(Γ((x∗a)∗)(ei ⊗ 1)))
= (ψ · b)((ψ ⊗ id)((a∗x⊗ 1)Γ(ei))) (x
∗a, ei ∈ Nψ)
= 〈ψ · (a∗x)⊗ ψ · b,Γ(ei)〉
→ 〈ψ · (a∗x)⊗ ψ · b, 1⊗ 1〉
= 〈ψ · a∗ ⊗ ψ · b, x⊗ 1〉.
By density of {ψ · a∗ ⊗ ψ · b | a, b ∈ Aψ} in L
1(G)⊗̂L1(G), and boundedness of the convergent sum∑
n(1⊗R(yn))Γ(xnei), it follows that
m(((id ⊗R)⊗ Γ)(1⊗ ΣΓ(x))) = lim
i
∑
n
(1⊗R(yn))Γ(xnei)) = x⊗ 1.
But then
x⊗ 1 = m(((id ⊗R)⊗ Γ)(1⊗ ΣΓ(x))) =
∑
n
(1⊗R(yn))Γ(xn)),
where the latter sum converges in A⊗∨A. Since x ∈ A was arbitrary, it follows that 〈(1⊗A)Γ(A)〉 =
A⊗∨ A. An analogous argument using the Tomita algebra Tϕ of the left Haar weight and the left
version of (19), which is [43, Corollary 5.35], shows that
1⊗ x =
∑
n
(R(xn)⊗ 1)Γ(yn) ∈ A⊗
∨ A.
Thus, 〈(A⊗ 1)Γ(A)〉 = A⊗∨A, and it follows that (A,Γ) is a compact quantum group in the sense
of [75]. Thus, by the universal property of the quantum Bohr compactification [66, Theorem 3.1]
(see also [22, Proposition 3.4]), the image of the quantum group morphism A → M(C0(G)) given
by inclusion necessarily lies in AP(G). Since AP(G) ⊆ A [22, Proposition 4.9], we have AP(G) = A.
Finally, since G is co-amenable (Lemma 4.9), the quantum Eberlein compactification E(G) ⊆
M(C0(G)). Hence, E(G) and therefore C(bG) is subhomogeneous. Since the Haar state on C(bG)
is tracial, and C(bG) is nuclear, it follows from [14, Corollary 4.5] that bG is co-amenable. Hence,
C(bG) is ∗-isomorphic to AP(G) (see [22, Theorem 7.7]).

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Theorem 6.7. Let G be a Kac algebra such that Ĝ has bounded degree. Then
NL1(G)(L
1(G), L∞(G)) ∼= ℓ1(b̂G
′
)
isomorphically, with deg(Ĝ)−1‖fˆ ′‖ ≤ ν(fˆ ′) ≤ 2‖fˆ ′‖, for all fˆ ′ ∈ ℓ1(b̂G
′
).
Proof. The fact that Γ ◦ ρ∗ ◦ i : ℓ
1(b̂G
′
)→ NL1(G)(L
1(G), L∞(G)) is bounded by 2 follows verbatim
from Theorem 6.2. Suppose that Ψ ∈ NL1(G)(L
1(G), L∞(G)). Then Ψ ∈ CBL1(G)(L
1(G), L∞(G)),
so there exists x ∈ L∞(G) such that Ψ = Γ(x). But then x defines a completely compact map under
convolution, so that x ∈ CAP(G) = AP(G) by Theorem 6.6, and moreover, Γ(x) ∈ L∞(G)⊗hL∞(G)
as in the proof of Theorem 6.2. As CAP(G) is a mapping ideal [62, 63, Proposition 1.3, Lemma 1],
for any m ∈ L∞(G)∗ we have
(id⊗m)Γ(x) = lm(x), (m ⊗ id)Γ(x) = rm(x) ∈ CAP(G).
Identifying C(bG) with its image CAP(G) under the canonical morphism, it follows from [65,
Theorem 4.5] that
Γ(x) ∈ F(C(bG), C(bG);L∞(G)⊗h L∞(G)) = C(bG)⊗h C(bG) ⊆ L∞(bG)⊗h L∞(bG).
By subhomogeneity, we also have ΣΓ(x) ∈ C(bG) ⊗h C(bG) ⊆ L∞(bG) ⊗h L∞(bG), so the non-
commutative Grothendieck inequality [34, 54] implies Γ(x) ∈ L∞(bG)⊗̂L∞(bG). Thus, left multi-
plication by x defines an element of NL1(bG)(L
1(bG), L∞(bG)). Since b̂G is a discrete Kac algebra,
it is QSIN. Hence, Theorem 6.2 implies that x = (ρbG)∗(fˆ
′) for some fˆ ′ ∈ ℓ1(b̂G
′
). But, under our
present convention, equation (18) implies x = (ρbG)∗(fˆ
′) = ρ∗(i(fˆ
′)). Then
ν(Ψ) = ν(Γ(ρ∗(i(fˆ
′)))) ≥ γ2,r(Γ(ρ∗(i(fˆ
′)))) ≥ deg(Ĝ)−1‖fˆ ′‖,
where the last inequality follows from Theorem 4.12. 
Corollary 6.8. Let G be a Kac algebra for which Ĝ has bounded degree. The following are equiv-
alent for an element x ∈ L∞(G):
(1) x ∈ ρ∗(i(ℓ
1(b̂G
′
)));
(2) lx ∈ NL1(G)(L
1(G), L∞(G));
(3) Γ(x) ∈ L∞(G)⊗h L∞(G).
In particular, AP(G) = 〈{x ∈ L∞(G) | Γ(x) ∈ L∞(G)⊗h L∞(G)}〉.
Although our techniques have differed between the QSIN and bounded degree cases, the nature
of the results suggests a potential link between these two classes of quantum groups. We summarize
some preliminary observations below and leave the general question open.
Proposition 6.9. Let G be a co-amenable quantum group with bounded degree. Then G is QSIN
in each of the following cases
(1) G is commutative;
(2) G is co-commutative;
(3) G is compact;
(4) G is discrete.
Proof. (1) When G = L∞(G) is commutative, the assumptions imply that G is virtually abelian,
and hence amenable, and hence QSIN. (2) When G = V N(G) is co-commutative, the QSIN con-
dition is equivalent to co-amenability. (3) When G is compact and has bounded degree, then by
[41] G is necessarily a Kac algebra. Since it is also co-amenable, it is therefore QSIN. (4) When G
is discrete with bounded degree, the dual C∗-algebra C0(Ĝ) is residually finite-dimensional, which,
by [66, Corollary A.3] forces Ĝ and hence G to be a Kac algebra. Any discrete Kac algebra is
QSIN. 
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